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Abstract Previous studies of the Rayleigh wave vertical-to-horizontal amplitude ratios (ZH ratio) assumed
one-dimensional velocity and density structures beneath the receiver, neglecting the effects of three-
dimensional (3-D) heterogeneities on wave amplitudes. Those studies have well demonstrated that the ZH
ratios provide powerful constraints on the crust and mantle structure. However, the azimuthal averaging of
the ZH ratios common in those studies means reduced sensitivities to the 3-D structure and thus the ZH
ratios’ potential resolving power. We derive equations for the 3-D full-wave sensitivity kernels of the ZH ratio
and differential traveltime of the vertical and radial components of Rayleigh and Pwaves, to perturbations in
shear and compressional velocities and density. The kernels are calculated based on finite difference
modeling of wave propagation in 3-D structures and the scattering-integral method. We verify the 3-D
full-wave sensitivity kernels by comparing the predictions from the kernels with the measurements from
numerical simulations of wave propagation in models with various small-scale perturbations. In contrast to
the 1-D depth sensitivity kernels, our 3-D full-wave kernels exhibit patterns that vary with back azimuths
and distances within one wavelength of the receiver, indicating the resolving power not only vertically, and
also laterally. In places with dense seismic stations, these kernels will provide a powerful tool to obtain
accurate and high-resolution velocity and density models.

1. Introduction

The Rayleigh wave vertical-to-radial amplitude ratio (hereinafter ZH ratio, also known as Rayleigh wave
ellipticity, or H/V ratio as its inverse) primarily reflects structures near seismic stations (Boore & Toksöz,
1969). Because its sensitivity to the velocity structure peaks at shallower depths than that of the
Rayleigh wave phase velocity of a given period, the ZH ratio provides complementary constraints on
the velocity structure. The ZH ratio has been used to determine the crust and mantle structures at various
geographic scales (e.g., Attanayake et al., 2017; Li et al., 2016; Muir & Tsai, 2017; Yano et al., 2009). Chong
et al. (2015, 2016) and Yuan et al. (2016) showed the benefits of joint inversion of ZH ratios and receiver
functions or phase velocity dispersion for the velocity structure beneath stations. To date, most of the ZH
ratio studies focused on inversions for shear-wave velocity Vs, though several have taken advantage of the
fact that the ZH ratio is also sensitive to density ρ (and to a lesser extent, compressional wave velocity Vp)
and can be used to constrain the density structure (e.g., Berbellini et al., 2017; Lin et al., 2012, 2014;
Tanimoto & Alvizuri, 2006). In addition, ZH ratios do not depend on accurate instrument timing as tradi-
tional traveltimes do and thus can be particularly useful for data recorded by ocean-bottom seism-
ometers, for which timing can sometimes be inaccurate due to nonlinear clock drift (e.g., Gouédard
et al., 2014; Hannemann et al., 2014).

There are two common assumptions in the previous studies using ZH ratios. One is that the structure
beneath the receiver is one-dimensional (1-D; e.g., Lin et al., 2012). The calculation of the 1-D ZH ratio
kernels generally follows the numerical method presented by Tanimoto and Alvizuri (2006) or the ana-
lytical method of Tanimoto and Tsuboi (2009). The laterally homogeneous assumption neglects the
effects of 3-D heterogeneities near the receiver on wave amplitudes, which may be responsible for large
apparent scatters in ZH ratio measurements. Ferreira and Woodhouse (2007) reported substantial varia-
bility in Rayleigh wave ellipticity measurements and attributed it to small-scale structures in the Earth.
Tanimoto and Rivera (2008) also noted large scatters in the ZH measurements and showed that stable
estimates can be obtained after averaging the measurements for many earthquakes. The back azimuthal
averaging of the ZH ratio (Berbellini et al., 2017; Tanimoto & Rivera, 2008) smoothens out its sensitivity
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to small-scale structures, making it more compatible with the 1-D sensitivity kernels. On the other hand,
this treatment dampens the sensitivity of the ZH ratio to the 3-D structure and thus reduces its potential
resolving power. The second assumption in the conventional method is that ZH ratio measurements
reflect pure fundamental-mode Rayleigh waves, which is not always true. For example, the mode con-
version of wave propagation in 3-D structures may result in significant interference of S and Love waves
in Rayleigh wave polarization (Tanimoto et al., 2013). In addition, some combination of source depth and
focal mechanism may lead to a high ratio of higher-mode to fundamental-mode Rayleigh wave energy
(Fichtner, 2011).

Using Green’s functions for incoming plane waves in 1-D structures (Liu & Zhou, 2016; Zhou et al., 2004) in a
flat Cartesian/cylindrical coordinate system, Maupin (2017) calculated 3-D sensitivity kernels of ZH ratios,
which show complex patterns with the maximum sensitivity close to the station. However, the azimuthally
averaged 3-D kernels do not match the 1-D kernel. Maupin (2017) did not find an explanation for the discre-
pancy but suggested that a possible extension of her work would be to allow for a laterally heterogeneous
background instead of a laterally homogeneous one. Indeed, as deployment of dense seismic arrays
becomes a common practice, it is increasingly desirable to understand how small-scale heterogeneities
beneath and near the receivers affect wave polarization. Such understanding, in the form of full-wave finite
frequency Fréchet kernels based on a 3-D heterogeneous referencemodel will allow us to use the ZH ratios to
better image 3-D velocity and density structures.

Similar to ZH ratios, the differential traveltime between the vertical and radial components (hereinafter
component-differential traveltime) also provide constraints on near-receiver structure. While Rayleigh wave
ZH ratios have been used in seismic tomography, the ZH component difference in traveltimes and ampli-
tudes of body waves has not been applied yet, to the best of our knowledge. Shen et al. (2008) showed
the component-differential traveltime and amplitude kernels of body waves to only velocity perturbations.
In this paper, we calculate the first full-wave 3-D sensitivity kernels of Rayleigh and P wave ZH ratios and
component-differential traveltimes to Vs, Vp, and ρ perturbations. We verify the kernels by comparing the pre-
dictions from the kernels with measurements from numerical simulations of wave propagation in models
with various small-scale perturbations. We also compare our 3-D full-wave kernels with traditional 1-D kernels
and suggest that our full-wave 3-D kernels can be used to achieve high-resolution 3-D velocity and density
tomographic models beneath seismic arrays.

2. Method

We first briefly review the traveltime and amplitude sensitivity kernels for single-component seismograms
and then introduce the kernels for differential phase delays and amplitude ratios of the vertical and
horizontal components.

Following the full-waveform finite frequency theory, when the Vp, Vs, and ρ are selected as independent para-
meters, the perturbations in P and S wave velocity δVP and δVs, and density δρ are typically inverted using
phase delay measurements, δt:

δt ¼ ∫ Kp
Vp

rð ÞδVp þ Kp
Vs

rð ÞδVs þ Kp
ρ rð Þδρ

h i
dV: (1)

where Kp
Vp
, Kp

Vs
, and Kp

ρ are the traveltime sensitivity kernels to Vp, Vs, and ρ perturbations (Fichtner, 2011;
Tromp et al., 2005). Following the scattering-integral method (Chen et al., 2007; Shen et al., 2008; Zhang &
Shen, 2008; Zhao et al., 2005), a small traveltime anomaly can be described as

δt ¼ � ∫t2t1
_eu tð Þδu tð Þdt

∫t2t1
_eu tð Þ
��� ���2dt ; (2)

where δu(t) is the perturbation of the displacement waveform, u tð Þ � eu tð Þ; a tilde represents synthetics based
on the reference model; a dot represents the time derivative; and t1 and t2 are the upper and lower limits of a
finite time window. The traveltime anomaly δt equals the lag time at the maximum of the cross correlogram
between the observed (perturbed) and synthetic (reference) waveforms. The corresponding traveltime sen-
sitivities to δVp, δVs, and δρ are
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Kp
Vp

rð Þ ¼ � 1

∫t2t1
_eul tð Þ��� ���2dt ∫

t2
t12eρeVp

_eul rR; t; rSð Þ∫∞�∞eel · ∇·eGT
r; τ; rRð Þ

� �
∇·eu r; t � τ; rSð Þð Þ

h i
dτdt; (3)

Kp
Vs

rð Þ ¼ � 1

∫t2t1
_eul tð Þ��� ���2dt ∫

t2
t12eρeVs

_eul rR; t; rSð Þ∫∞�∞eel · ∇eG r; τ; rRð Þ
� �213

: ∇eu r; t � τ; rSð Þð Þ½
�

þ ∇eu r; t � τ; rSð Þð ÞT
i
� 2 ∇·eGT

r; τ; rRð Þ
� �

∇·eu r; t � τ; rSð Þð Þ
o
dτdt;

(4)

and

Kp
ρ rð Þ ¼ 1

2
Kp
Vp

þ Kp
Vs

� �
� 1

∫t2t1
_eul tð Þ��� ���2dt ∫

t2
t1eρ _eul rR; t; rSð Þ∫∞�∞eel · _eu r; τ; rRð Þ

� �
· _eu r; t � τ; rSð Þ
� �h i

dτdt: (5)

Here rS and rR are the locations of the source and receiver, respectively;eel is the polarization direction; eG is the
Green’s tensor; and the symbol ()213 represents the transposition of the first and second indices of a third-
order tensor. Equations (3) and (4) follow the formula by Zhang and Shen (2008) and Shen et al. (2008), which
corrected a typo in Zhao et al. (2005). Two types of forward simulations are required to calculate the sensitiv-
ity kernels: one is to calculate the displacement fieldeu r; t; rSð Þ from the source rs to location r and the velocity

seismogram _eul rR; t; rSð Þ from the source rs to the receiver rR and the second is to calculate the Green’s tensoreG r; τ; rRð Þ from the receiver rR to location r. The principle of reciprocity (Aki & Richards, 1980), eG r; τ; rRð Þ ¼ eG
rR; τ; rð Þ, has been applied to (3) and (4).

Similarly, the natural logarithm of the amplitude reduction can be defined as

δ lnA ¼ � ∫t2t1eu tð Þδu tð Þdt
∫t2t1 eu tð Þj j2dt ¼ �∫ Kq

Vp
rð ÞδVp þ Kq

Vs
rð ÞδVs þ Kq

ρ rð Þδρ
h i

dV: (6)

Here A is the ratio between (i) the amplitude of the cross-correlogram of observed and synthetic waveforms
at the lag time δt and (ii) the maximum amplitude of the auto-correlogram of the synthetic waveform
(Ritsema et al., 2002; Tromp et al., 2005). The amplitude reduction sensitivity kernels to δVp, δVs, and δρ are

Kq
Vp

rð Þ ¼ � 1

∫t2t1 eul tð Þj j2dt ∫
t2
t12eρeVpeul rR; t; rSð Þ∫∞�∞eel · ∇·eGT

r; τ; rRð Þ
� �

∇·eu r; t � τ; rSð Þð Þ
h i

dτdt; (7)

Kq
Vs

rð Þ ¼ � 1

∫t2t1 eul tð Þj j2dt ∫
t2
t12eρeVseul rR; t; rSð Þ∫∞�∞eel · ∇eG r; τ; rRð Þ

� �213
: ∇eu r; t � τ; rSð Þð Þ½

�

þ ∇eu r; t � τ; rSð Þð ÞT
i
� 2 ∇·eGT

r; τ; rRð Þ
� �

∇·eu r; t � τ; rSð Þð Þ
o
dτdt:

(8)

and

Kq
ρ rð Þ ¼ 1

2
Kq
Vp

þ Kq
Vs

� �
� 1

∫t2t1 eul tð Þj j2dt ∫
t2
t1
eρeul rR; t; rSð Þ∫∞�∞eel · _eu r; τ; rRð Þ

� �
· _eu r; t � τ; rSð Þ
� �h i

dτdt: (9)

The differential traveltime between the vertical and radial components is thus described as

δtZ � δtR ¼ � ∫ _euZ tð ÞδuZ tð Þdt
∫ _euZ tð Þ
h i2

dt
þ ∫ _euR tð ÞδuR tð Þdt

∫ _euR tð Þ
h i2

dt
¼ ∫ KpZ

VP
� KpR

Vp

� �
δVp þ KpZ

Vs
� KpR

Vs

� �
δVs þ KpZ

ρ � KpR
ρ

� �
δρ

h i
dV ; (10)

where superscripts Z and R stand for the vertical and radial components, respectively. Similarly, the natural
logarithm of the ratio of amplitude reduction on the vertical and radial components (hereinafter simply called
ZH ratio) can be described as
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δln AZ=AR
� � ¼ δ lnAZ � lnAR

� � ¼ � ∫euZ tð ÞδuZ tð Þdt
∫ euZ tð Þ
h i2

dt
þ ∫euR tð ÞδuR tð Þdt

∫ euR tð Þ
h i2

dt

¼ �∫ KqZ
Vp

� KqR
Vp

� �
δVp þ KqZ

Vs
� KqR

Vs

� �
δVs þ KqZ

ρ � KqR
ρ

� �
δρ

h i
dV: (11)

Maupin (2017) calculated the ZH ratio kernels with a similar simple subtraction between the amplitude ker-
nels of the radial and vertical components. We note that the ZH ratio in this study is based on waveforms in
finite timewindows according to the full-waveform finite frequency theory, which is different from the single-
frequency single-mode ZH ratio defined in Tanimoto and Rivera (2008).

We calculate the sensitivity kernels using a 3-D finite-difference method in the spherical coordinates (Zhang
et al., 2012). In the following examples, the computation is carried out for a 5.8° (longitude, from�1.4° to 4.4°)
by 4.8° (latitude, from�2.4° to 2.4°) area with a vertical dimension from the Earth surface to 150 km depth. We
place the source at the latitude and longitude of (0°, 0°) and depth of 12.315 km, and the receiver at (0°, 3°) on
the Earth surface. The horizontal spacing of the finite difference grids is 0.01°, and the vertical grid spacing is
variable, from 0.37 km near the surface to 1.77 km at the bottom of themodel. This grid spacing is sufficient to
accurately simulate surface waves at periods above ~5 s (Zhang et al., 2012). The time interval in simulation is
0.06 s to satisfy numerical stability. We use an explosive moment tensor at the source location, with a source
time function of a 1.2-s-long bell integral, to calculate the forward wavefield, and a single force pulse at the
receiver location approximated with a 1.2-s-long bell time function to calculate the backward wavefield and
strain Green’s tensor (Zhang & Shen, 2008). For simplicity and to minimize possible interference of other arri-
vals on Rayleigh waves, Vp, Vs, and ρ are all set as constant in the model (Vp = 6.3 km/s, Vs = 3.5 km/s,
ρ = 2.8 kg/m3). In section 4.2, we discuss the effect of laterally inhomogeneous model on the kernels.

3. Results

To illustrate the 3-D nature of the sensitivity kernels, we present several images of the traveltime and amplitude

kernels for the model described above. Figure 1 shows the single-component ( KpZ
Vs

, KpR
Vs
; KqZ

Vs
; KqR

Vs
Þ and

component-differential KpZ
Vs

� KpR
Vs
; KqZ

Vs
� KqR

Vs

� �
traveltime and amplitude sensitivities to δVs on a horizontal

profile and the great-circle path vertical profile, for a time window that mainly includes Rayleigh waves of 10-
to 20-s periods. Correspondingly, Figures 2 and 3 show the single-component sensitivity kernels for δVp and

δρ (KpZ
Vp
, KpR

Vp
, KpZ

ρ , KpR
ρ , KqZ

Vp
, KqR

Vp
, KqZ

ρ ) and their differential kernels (KpZ
Vp

� KpR
Vp
, KpZ

ρ � KpR
ρ ; KqZ

Vp
� KqR

Vp
, KqZ

ρ � KqR
ρ ).

The differential kernels vary with back azimuth and distance to the receiver, as well as with depth, indicating
their resolving powers not only in depth, and also in lateral directions. In contrast, the 1-D kernels used in pre-
vious ZH ratio studies only have sensitivities in the vertical direction. We note that one common pattern in the
ZH ratio and component-differential traveltime kernels is that the sensitivity is significant only near the recei-
ver, over an area with a lateral dimension of approximately one wavelength (~50 km for Rayleigh waves with
10- to 20-s periods). This is clearly exhibited in the vertical profiles across and perpendicular to the great circle
path at the receiver (Figure 4). In practice, this property can be used to reduce the computational cost in
inversion of the component-differential traveltimes and ZH ratios, as we only need to calculate the differen-
tial kernels near the receiver.

We show in Figures S1–S3 in the supporting information the sensitivity kernels to δVs, δVp, and δρ for Pwaves
at 10- to 20-s period. As for Rayleigh waves, the general pattern of the P wave differential kernels is that the
sensitivity is significant near the receiver and negligible near the source and along most of the propagation
path. The strong sensitivity to Vs observed here indicates the near-field effects at the receiver and significant
P-to-S conversion at the free surface, which is consistent with the conclusion of Zhang and Shen (2008).

4. Discussion
4.1. Verification of the Kernels

We verify the single-component and component-differential kernels by running a series of numerical tests for
a perturbedmodel with a rectangular prism perturbation of 1% centered at the latitude and longitude of (0°, 2.8°),
approximately 20 km from the receiver along the great-circle path, to the otherwise constant Vp, Vs, and ρ. The
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anomaly has a full width of 0.2° and a full height of 5 grids and is placed at various depths in the model. Since
the vertical grid spacing increases with depths, the actual height of the anomaly increases from 1.56 km to
4.49 km with the central depth increases from 1.9 km to 36.4 km. An example of the model where ρ is
perturbed but Vp and Vs remain unchanged is shown in Figure S4, indicating the independence of the
model parameters. The kernels of the unperturbed model are used to calculate the “predicted” phase delay
and amplitude reduction by the volume integration of the product of the kernel and perturbation. The
synthetic seismograms from the reference and perturbed models are interpolated using a time step of
0.0001 s and compared by cross correlation at periods of 10–20 s, which yields the “measured” phase delay
and amplitude reduction.

The “predicted” and “measured” component-differential phase delays and ZH ratios of Rayleigh and P waves
are compared in Figures 5. The corresponding comparison for single components is shown in Figures S5 and
S6. Overall, the kernel predictions match the measurements of the differential observables from direct cross-
correlation well, verifying the component-differential sensitivity kernels of both Rayleigh and P waves. There
are notable discrepancies between the predicted andmeasured amplitude reductions for single components
(Figures S5 and S6). The discrepancies likely come from two sources: numerical errors and theoretical approx-
imation. Using a smaller time interval in wave simulation, we estimate that the error due to the finite time
interval and resampling of the synthetic seismograms is on the order of 5 × 10�4 s in traveltimes and
1 × 10�4 in amplitude reductions, at the same magnitude as most of the observed discrepancies. Another
source of numerical error comes from the discretization of the input anomaly and the kernels on the finite
difference grid, though this source of error yields about 1 × 10�4 s in traveltimes and 1 × 10�4 in amplitude
reductions. These two sources of numerical errors might not fully explain some particularly large discrepan-
cies of the amplitude reductions on single components (e.g., 8 × 10�4 at 10-km depth, Figure S5, top right).

Figure 1. The 3-D view of the sensitivity kernels to Vs perturbations for Rayleigh waves at periods of 10–20 s, for (a) vertical-component traveltime, (b)
radial-component traveltime, (c) vertical-radial differential traveltime; (d) vertical-component amplitude reduction, (e) radial-component amplitude reduction, and (f)
ZH amplitude ratio. Yellow pentagrams and green triangles denote the source and receiver locations, respectively.
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A possible reason is that the current theory based on the Born approximation (Tromp et al., 2005; Zhang &
Shen, 2008; Zhao et al., 2005) does not fully represent the effect of scattering on the waveform amplitudes.
We note that the discrepancies on single components are to some extent canceled when we compare the
ZH ratios (Figure 5), suggesting that the numerical errors and theoretical approximation affect the two
components similarly. Thus, the use of component-differential observables removes or reduces not only
the observational errors in the source (origin time, epicenter location, and source mechanism) and most
of the propagation path but also prediction errors in computation and theoretical approximation, making
it possible to achieve more accurate inversion results for structures near the receiver than using
single-component observables.

4.2. 3-D Full-Wave Kernels Versus 1-D Kernels

Our full-waveform numerical approach overcomes the two issues in the previous Rayleigh wave ZH ratio stu-
dies. First, the 3-D sensitivity kernels obtained from full-waveform simulations provide more accurate
accounts of the finite-frequency propagation effects in 3-D Earth models. Second, it is not required to sepa-
rate the fundamental-mode Rayleigh waves and Rayleigh wave overtones or Love waves, since 3-D sensitivity
kernels can be calculated for any arrival in any time window of a seismogram. Nevertheless, it may be infor-
mative to compare our 3-D full-wave kernels with the single-frequency fundamental-mode 1-D depth sensi-
tivity kernels of Rayleigh wave ZH ratios used by previous studies.

In order to make the comparison, we reduce the spatial dimension of the ZH ratio kernels shown in Figures 1–3
from 3-D to 1-D, by summing the values on the horizontal plane at each vertical grid and plot them as a function
of depth (Figure 6). These reduced 3-D kernels and the corresponding 1-D ZH ratio kernels (calculated using the
code by Yuan et al., 2016) match well. The small differences between the reduced 3-D and the 1-D kernels can
be attributed to two sources. One is the single period (15 s) in the 1-D kernels and a finite period range (10–20 s)
in the calculation of the 3-D kernels. A comparison of the reduced 3-D kernels with the 1-D kernels at multiple

Figure 2. Same as Figure 1 except for the kernels to Vp.
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Figure 3. Same as Figure 1 except for the kernels to ρ.

Figure 4. Near-receiver close up views of component-differential traveltime (a–f, the two left columns) and ZH amplitude ratio (g–l, the two right columns) kernels for
10- to 20-s period Rayleigh waves on the vertical profile along the great circle path (a–c and g–i) and the vertical profile perpendicular to the great circle path
at the station (d–f and j–l). The green triangle marks the receiver is on the surface. The top subpanels (a, d, g, and j) are the sensitivity to Vs, the middle subpanels
(b, e, h, and k) are sensitivities to Vp, and the bottom subpanels (c, f, i, and l) are the sensitivities to ρ, respectively.
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individual periods from 10 to 20 s shows that the reduced 3-D kernels mainly lie within those 1-D kernels. The
second source is that these reduced 3-D kernels are calculated from the superposition of fundamental mode
and higher modes of Rayleigh waves, while the 1-D kernels shown here only account for the fundamental
mode. There is a notable difference between the 3-D and 1-D kernels with respect to Vs at depths greater
than 20 km (Figure 6). This reflects the contribution of higher modes in the 3-D kernels. To confirm this, we
show in Figure S7 that the negative sensitivity in the Vs kernel below 20 km depth nearly completely
disappears when the source is moved from 12.315-km depth to the Earth surface. As the source becomes

shallow, higher modes are greatly
reduced in amplitude relative to
the fundamental mode (Forsyth,
1976; Harkrider & Anderson, 1966),
resulting in a large reduction in the
contribution of the higher modes
to waveforms and thus the kernels.

In section 4.1, we provided an
example of how the component-
differential traveltimes and ZH
ratios at a station vary with the
structural perturbation at various
depths and 20 km away from the
station (Figure S4). In theory, 1-D
ZH ratio kernels represent the sensi-
tivity to structures only beneath a
station, so the 1-D kernels would
predict zero component-differential
traveltime or ZH ratios at the

Figure 5. Comparison of the predicted andmeasured component-differential traveltimes and ZH ratios, respectively, for various central depths of the input anomaly.
Columns from left to the right denote Rayleigh wave component-differential traveltimes, Rayleigh wave ZH ratios, P wave component-differential traveltimes, and
P wave ZH ratios. Rows from top to bottom represent the results based on the perturbation of Vs, Vp, and ρ, respectively. The values are for Rayleigh and P waves
at 10- to 20-s period. Notice that the ZH ratios described in this paper are all in logarithm.

Figure 6. Comparison of the 1-D ZH ratio kernels at 10-, 15-, and 20-s periods
(dashed lines) and laterally summed, reduced 3-D ZH ratio kernels at 10- to 20-s
periods (circles).
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station, contradicting with the measured component-differential traveltimes and ZH ratios from full-wave
simulation (Figure 5). As an inverse problem, the 1-D kernels would erroneously map the measured anomalies
caused by a perturbation 20 km away to right beneath the station.

In practice, ZH ratio measurements were averaged over back azimuths (Berbellini et al., 2017; Tanimoto &
Rivera, 2008). Smoothing techniques such as isotropic Gaussian smoothing were also applied in inversion
based on 1-D ZH ratio kernels (e.g., Lin et al., 2012; Workman et al., 2017). Those treatments make the aver-
aged ZH ratio more compatible with the 1-D kernels, suppressing the sensitivity of the ZH ratios to the 3-D
structure near the station. To further illustrate this, we apply the same structural perturbation as in section
4.1 then measure and compare the ZH ratios of the simulated waveforms at three stations evenly separated
by about half wavelength along the great circle path: The same station as in section 4.1, a central station right
above the perturbation, and the third one 0.2° before the perturbation (Figure 7). We find that the ZH ratios at
the three stations reach their peaks at different depths, reflecting different depth sensitivities at different lat-
eral distances from the velocity perturbation. For the perturbation within a certain depth range (e.g., ~20 km
in Figure 7), the ZH ratio at the central station A2 can be much smaller than those at the station A3 (the same
station as in Figures 1–6) at a farther epicentral distance. We also notice that the ZH ratios at the two outer
stations (A1 and A3) are not antisymmetric and thus cannot be fully canceled by lateral (i.e., back azimuthal)
summation or smoothing, as shown as the dashed lines in Figure 7.

We also calculate the back azimuthally averaged 3-D kernels for station A3 (Figure S8). One major feature in
these azimuthally averaged kernels is the axisymmetric pattern with respect to the station at any given depth.
This result generally agrees with Maupin (2017). However, unlike the true 3-D kernels, which have significant
sensitivities extending to ~40 km depth (Figure 4), the back azimuthally averaged sensitivity becomes very
small below 20 km depth, which is consistent with the pattern of the 1-D kernel and the laterally summed

Figure 7. A series of synthetic tests to demonstrate the sensitivity of the ZH ratios to the 3-D structures near the stations.
(a) The geometry of the stations and model perturbation. See text in section 4.1 for details about the model perturbation.
The three stations A1, A2, and A3 are located on the surface along a great circle path from the source at (0°, 0°). The
central station A2 is at (0°, 2.8°E), right above the centers of the perturbation; the other two stations are at (0°, 2.6°E) and
(0°, 3°E), respectively. Each synthetic test is carried out for a perturbation outlined by a box with an asterisk at the center.
Together these tests produce the measured ZH ratios for Vs, Vp, or ρ perturbations shown in (b)–(d), respectively. Dashed lines
in (b)–(d) show the average of the ZH ratios measured at A1 and A3 for given depths. Symbols are consistent in (b)–(d).

10.1029/2017JB015421Journal of Geophysical Research: Solid Earth

BAO AND SHEN 9



3-D kernel as shown in Figure 4. This is because the positive and negative values in the true 3-D kernels are
nearly canceled out at greater depths with back azimuthal averaging.

To assess the dependence of the 3-D ZH kernels to the reference model and 3-D velocity structure, we mod-
ified the reference model with a uniform 5% Vs change within a 0.2° wide and 5 km thick rectangular prism
below the station located at (0°, 3°) and calculated the 3-D ZH kernels for the perturbed model. A comparison
of the kernels before and after the model perturbation shows that the largest change in the kernels is located
near the surface above the block in which Vs is perturbed (Figure S9). The bulk change in the absolute values
of the kernels, defined as ∑|K1|/ ∑ |K0| � 1 in percentage, is 1.6% for the Vs kernel, 2.4% for the Vp kernel, and
1.4% for the ρ kernel. This change is of the same magnitude of change in velocity, highlighting the impor-
tance of iterative updating the 3-D velocity model and sensitivity kernels in inversion for studies where there
are substantial 3-D velocity variations.

Our analyses indicate that although the 1-D kernels are adequate for laterally smooth and large-scale (greater
than one wavelength) structures, 3-D full-wave kernels based on 3-D reference velocity models are more
accurate in predicting ZH ratios affected by small-scale velocity variations near the station. For dense seismic
arrays, defined as having station spacing less than one wavelength and thus overlapping 3-D ZH ratio kernels,
the 3-D kernels as presented in this study have the potential to significantly improve the resolution of
fine structures.

4.3. Trade-Off Between Vs and ρ in Using 3-D Kernels

The strong sensitivity of ZH ratios and component-differential traveltimes with respect to ρ indicates that the
resulting Vsmodel from those observables can be significantly biased if the density structure is not accounted
for in inversion. However, the similar patterns of the component-differential kernels with respect to Vs and ρ
(Figures 4 and 6) suggest strong trade-off between these two parameters in the component-differential
observables. In order to reduce this trade-off, a common practice in seismic tomography is to employ the
a priori empirical relationship of Vs~ρ (e.g., Moulike & Ekström, 2016), as well as Vp~ρ if Vp is also solved in
inversion (e.g., Brocher, 2005; Christensen & Mooney, 1995). A caveat of this practice is that the velocity-
density relation varies substantially with rock types (Gardner et al., 1974), so the empirical relationships are
likely not universally applicable. There are also times when independent estimates of the density and velocity
are key to geological interpretations, so they need to be determined separately from observations. One pos-
sible approach to reduce the density-velocity trade-off is a joint inversion of the component-differential
observables and gravity data, which can provide independent constraints on lateral density variations, for
both the velocity and density. Incorporation of ZH ratios and component-differential traveltimes of P waves
(Figures 4 and S10) as well as other seismic measurements (e.g., surface wave phase velocity and receiver
functions) in a joint inversion may also help reduce the trade-off between Vs and ρ in the resulting model
as they provide different constraints on the velocity and density structures.

5. Conclusion

Using finite difference modeling of wave propagation in 3-D structures and the scattering-integral method,
we calculate 3-D sensitivity kernels of Rayleigh and P wave differential traveltime on the vertical and radial
components and ZH amplitude ratio to Vs, Vp, and density perturbations. The kernels for a simple uniform
velocity and density model are presented to illustrate their highly 3-D nature. The differential kernels are sig-
nificant only near the receiver over an area of approximately one wavelength. Unlike the 1-D depth sensitivity
kernels, our 3-D sensitivity kernels vary with azimuths and distances to the receiver, as well as with depth,
indicating resolving power in both lateral and vertical directions. The 3-D sensitivity kernels are validated
by comparing the predictions from the kernels with the measurements from numerical simulations of wave
propagation with various small-scale perturbations in the model. By laterally summing up the 3-D sensitivity
kernels, we verify the similarity of the reduced kernels to the 1-D depth sensitivity kernels based on the same
model. The small differences between the two are attributed to (1) the finite period range of the 3-D kernels
versus the single period of the 1-D kernels and (2) the waveforms used to calculate the 3-D kernels involve
both fundamental-mode and higher-mode Rayleigh waves, while the 1-D kernels are only for the fundamen-
tal mode. Our results indicate that both the Rayleigh and body wave ZH ratios and component-differential
traveltimes provide constraints on the structure near the station. The overall good match between the 1-D
kernels and the reduced 3-D full-wave kernels suggests that the traditional approaches based on 1-D
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kernels is a cost-effective tool to image structures larger than approximately one wavelength. But at finer
scales, our 3-D full-wave kernels can be a powerful tool to invert for high-resolution velocity and density
tomographic models in places of seismic arrays with station spacing less than one wavelength. In a subse-
quent study, we will investigate how these kernels can be used with and without other constraints (e.g., grav-
ity, Rayleigh wave phase velocities, and receiver functions).
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