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S U M M A R Y
Rayleigh wave amplitudes are the primary data set used for imaging shear attenuation in the
upper mantle on a global scale. In addition to attenuation, surface-wave amplitudes are influ-
enced by excitation at the earthquake source, focusing and scattering by elastic heterogeneity,
and local structure at the receiver and the instrument response. The challenge of isolating the
signal of attenuation from these other effects limits both the resolution of global attenuation
models and the level of consistency between different global attenuation studies. While the
source and receiver terms can be estimated using relatively simple approaches, focusing effects
on amplitude are a large component of the amplitude signal and are sensitive to multiscale ve-
locity anomalies. In this study we investigate how different theoretical treatments for focusing
effects on Rayleigh wave amplitude influence the retrieved attenuation models. A new data set
of fundamental-mode Rayleigh wave phase and amplitude at periods of 50 and 100 sis analysed.
The amplitudes due to focusing effects are predicted using the great-circle ray approximation
(GCRA), exact ray theory (ERT), and finite-frequency theory (FFT). Phase-velocity maps
expanded to spherical-harmonic degree 20 and degree 40 are used for the predictions. After
correction for focusing effects, the amplitude data are inverted for global attenuation maps and
frequency-dependent source and receiver correction factors. The degree-12 attenuation maps,
based on different corrections for focusing effects, all contain the same large-scale features,
though the magnitude of the attenuation variations depends on the focusing correction. The
variance reduction of the amplitudes strongly depends on the predicted focusing amplitudes,
with the highest variance reduction for the ray-based approaches at 50 s and for FFT at 100 s.
Although failure to account for focusing effects introduces artefacts into the attenuation mod-
els at higher spherical-harmonic degrees, the low-degree structure can be robustly retrieved.
The new attenuation maps compare favourably with previous attenuation studies derived using
independent amplitude data sets.

Key words: Surface waves and free oscillations; Seismic attenuation; Seismic tomography;
Theoretical seismology.

1 I N T RO D U C T I O N

It is generally acknowledged that better constraints on seismic atten-
uation in Earth’s mantle would be valuable. As has been pointed out
by numerous earlier studies, seismic attenuation provides a direct
measure of Earth’s anelastic properties and, as such, allows more
definite conclusions to be drawn about mantle temperature, com-
position, melt content, and volatile content than is possible from
seismic velocity alone (e.g. Romanowicz 1995; Roth et al. 2000;
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Cooper 2002; Jackson et al. 2002; Gung & Romanowicz 2004; Faul
& Jackson 2005; Yang et al. 2007; Rychert et al. 2008; Dalton &
Faul 2010; Abers et al. 2014). Furthermore, anelasticity causes a
frequency dependence of seismic velocity, and constraints on atten-
uation are needed to separate the frequency-independent elastic and
frequency-dependent anelastic components of wave speed, resulting
in an improved interpretation of velocity anomalies (e.g. Liu et al.
1976; Karato 1993; Lekić et al. 2009).

Surface-wave amplitudes are the primary data set for measur-
ing seismic attenuation in the upper mantle on a global scale. The
amplitudes’ sensitivity to factors in addition to attenuation, includ-
ing source excitation, focusing/defocusing and scattering by elastic
heterogeneity, and site amplification and the instrument response
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at the receiver, make it difficult to isolate the signal of attenuation
in the amplitudes. For this reason, global shear-attenuation mod-
els (e.g. Romanowicz 1995; Bhattacharyya et al. 1996; Reid et al.
2001; Selby & Woodhouse 2002; Gung & Romanowicz 2004; Dal-
ton et al. 2008) have not yet achieved the same level of consistency
and lateral resolution that global shear-velocity models have (e.g.
Kustowski et al. 2008; Ritsema et al. 2011; Schaeffer & Lebedev
2013; French & Romanowicz 2014).

In this paper, we investigate how the treatment of elastic focusing
effects influences the features of attenuation models obtained by
inverting a global data set of Rayleigh wave amplitudes. Indeed, the
signal due to focusing effects is the main obstacle for both global
and regional surface-wave attenuation studies. Previous studies have
noted that source excitation has a non-negligible effect on Rayleigh
wave amplitudes (Dalton & Ekström 2006a, hereinafter DE06;
Ferreira & Woodhouse 2007; Dalton et al. 2014; Ma et al. 2016).
However, when an event has been recorded by numerous stations,
the average amplitude anomaly for each event can be considered
a useful correction for the effects of source-excitation uncertain-
ties on amplitudes (Dalton et al. 2014). This approach is especially
valuable if the assumed local structure at the earthquake location
is in error, as that effect is largely independent of azimuth. It is
less effective if, for example, there are large uncertainties in the
assumed radiation pattern, as that effect will depend on azimuth.
Similarly, both the average amplitude recorded by each receiver for
a large number of events and the average phase velocity at the re-
ceiver can be used to approximate the effect of local structure at the
receiver location on amplitude (Dalton & Ekström 2006b; Dalton
et al. 2014; Ma et al. 2016).

Focusing effects on amplitude depend on the phase-velocity gra-
dient perpendicular to the propagation path, causing the ampli-
tudes to be sensitive to the wavelength of elastic heterogeneity
and to errors in the assumed propagation path. Here, we consider
three theoretical approximations for surface-wave propagation: the
great-circle ray approximation (GCRA), exact/JWKB ray theory
(ERT), and finite-frequency theory (FFT). We also consider rela-
tively smooth (spherical-harmonic degree 20) and rough (degree
40) elastic earth models. For each path in our amplitude data set,
focusing effects are predicted using each approximate theory and
phase-velocity map expansion, resulting in six sets of predicted
focusing amplitudes. Previous comparisons of predicted focusing
amplitudes have demonstrated that (Wang & Dahlen 1994; Wang
& Dahlen 1995; Larson et al. 1998; Dalton et al. 2014): (1) Ray-
based approaches (GCRA and ERT) are most useful if elastic het-
erogeneity is smooth and of a length scale larger than the seismic-
wave wavelength. As period and seismic-wave wavelength increase,
model roughness must be reduced for this condition to be met. Oth-
erwise, the finite-frequency sensitivity of the surface wave must
be considered. (2) Approximating the ray path as the great-circle
path rather than the exact ray path is most appropriate for phase de-
lays along short paths and less appropriate for longer paths and for
amplitudes. (3) Approximating the surface-wave sensitivity zone
as a thin ray works best for phase delays accumulated along short
paths. We note, however, that Dalton & Ekström (2006b) showed
that Rayleigh wave phase-velocity maps, expanded to spherical-
harmonic degree 20, could be successfully obtained by inverting
amplitude observations alone (i.e. no traveltime observations) us-
ing GCRA, indicating that GCRA can be useful for Rayleigh wave
focusing effects calculated in relatively smooth Earth models.

Recently, Dalton et al. (2014) used synthetic seismograms cal-
culated with the spectral element method to evaluate the different
approximate theories for focusing effects. They prescribed a 3-D

elastic model and a 1-D anelastic model and, after removing source
and receiver effects on the fundamental-mode Rayleigh wave ampli-
tudes, attributed the remaining signal to focusing effects. Through
comparison with the predicted focusing amplitudes they showed that
at shorter periods (50 s) ERT provided the best representation of fo-
cusing effects and at longer periods FFT did. At all periods GCRA
provided the weakest agreement, especially when a relatively rough
elastic model was used as input. These results indicated that for
the shorter-period (shorter-wavelength) Rayleigh waves it is more
important to allow for ray bending than to allow for the width of the
sensitivity zone surrounding the great-circle path, whereas for the
longer-period (longer-wavelength) waves including the sensitivity
zone is more important than allowing for ray bending. Dalton et
al. (2014) also showed that failure to remove focusing effects from
amplitudes introduced artefacts into attenuation models at higher
spherical-harmonic degrees, but the lower degrees (i.e. degrees < 6)
of anelastic models can be faithfully recovered.

This paper is concerned with the effects of elastic focusing
on surface-wave amplitudes and on our ability to recover anelas-
tic structure in the real Earth. We use a large global data set of
fundamental-mode Rayleigh wave phase and amplitude measured
using the approach of van Heijst & Woodhouse (1997). This am-
plitude data set has not previously been used, and we first compare
it to a separate amplitude data set measured using the approach of
Ekström et al. (1997). The effect of focusing on amplitudes is
predicted for GCRA, ERT and FFT using smooth and rough phase-
velocity maps. We investigate the extent to which these predicted
focusing amplitudes influence the features in our attenuation maps.
Through calculation of variance reduction we also evaluate the
three approximate theories and whether the findings of Dalton et
al. (2014) using synthetic waveforms apply to Rayleigh wave prop-
agation through the real Earth.

2 DATA

We utilize Rayleigh wave phase and amplitude observations mea-
sured using the Mode Branch Stripping technique of van Heijst &
Woodhouse (1997). Surface-wave eigenfrequency measurements
obtained with this approach have been used in many previous stud-
ies (e.g. Van Heijst & Woodhouse 1999; Trampert & van Heijst
2002; Ritsema et al. 2004, 2011); this study represents the first
application of the amplitude data set. While we primarily focus on
the fundamental-mode Rayleigh wave amplitudes, the fundamental-
mode phase measurements are also utilized to derive phase-velocity
maps that are needed for calculations of focusing effects. Path-
averaged phase velocity perturbations δc/c are determined from
the path-averaged eigenfrequency perturbations δω/ω using the re-
lation δc/c = (c/U )δω/ω (e.g. Dahlen & Tromp 1998), where c
and U are the reference phase and group velocity, respectively. The
original data set, which includes 1 090 418 amplitude and phase
measurements at 50 s and 900 336 measurements at 100 s (Ta-
ble S1), is derived from 12 121 earthquakes with MW > 5.0 that
occurred between 1991 and 2007 recorded at 1461 permanent and
temporary broadband seismic stations. We consider minor-arc paths
with epicentral distances in the range 30◦–160◦ and periods of 50
and 100 s in this study.

We compare the measurements used in this study to two previ-
ous data sets for 204 002 paths in common. Those two data sets
are (1) the phase-anomaly data obtained using the approach of
Ekström et al. (1997) and used by Ekström (2011) to generate the
Global Dispersion Model GDM52 and (2) the amplitude data set
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1064 X. Bao, C.A. Dalton and J. Ritsema

Figure 1. Comparison of our fundamental-mode Rayleigh wave phase and amplitude measurements at 50 s with two previous data sets. There are 204 002
common paths among the three data sets. (a) A 2-D histogram resulting from comparison of path-averaged phase velocity perturbations of the data set used
to generate the Global Dispersion Model GDM52 (Ekström 2011) and our data set. (b) A 2-D histogram resulting from comparison of relative amplitude
ln A used to generate the global attenuation model QRFSI12 (Dalton et al. 2008) and our data. (c) Distribution of the difference in δc/c values from (a).
(d) Distribution of the difference in lnA values from (b).

measured with the approach of Ekström et al. (1997), which was
used by Dalton et al. (2008) to generate the global attenuation model
QRFSI12. Fig. 1(a) shows the comparison for the overlapping δc/c
data sets of this study and of Ekström (2011). The absolute value
of the difference between the two sets of path-averaged δc/c val-
ues is <1 per cent for 66 per cent of all paths considered, and <2
per cent for 85 per cent of all paths (Fig. 1c). In Fig. 1(b), which
shows the comparison of logarithmic amplitudes from this study
and from Dalton et al. (2008), the absolute value of the difference
between the two sets of path-averaged lnA values is <0.5 for 67
per cent of all paths considered and <1 for 88 per cent of all paths
(Fig. 1d).

Several selection criteria are applied to the original phase velocity
and amplitude data sets. First, the entire data set of path-averaged
phase-velocity perturbations is used to generate 2-D phase-velocity
maps at each period, expanded in spherical harmonics to degree 20,
using the relation

δci j

c0
(ω) =

∑Lc

l=0

∑l

m=−l
Clm (ω) Y i j

lm, (1)

where LC is the maximum degree of the expansion, Clm are the

coefficients to be solved, ω is the angular frequency and Y i j
lm is the

path average of the spherical-harmonic function Ylm along the great-
circle path connecting the earthquake i and station j. This method
contains the assumption of surface-wave propagation along a great-

circle ray path; Ritsema et al. (2011) have shown that differences be-
tween Rayleigh wave phase-velocity maps determined with GCRA
and with FFT are smaller than differences that can be achieved
by variable amounts of damping. From these initial phase-velocity
maps path-averaged phase velocity is predicted for all paths in our
data set by integration along the great-circle ray path, and compari-
son of the observed and predicted values is used to identify outliers.
We discard the measurements with the relative difference between
observed and predicted path-averaged phase velocity perturbations
δc/c greater than 1 per cent, which approximately corresponds to
removing values outside of two standard deviations of the mean.
This step removes 74 768 paths at 50 s and 20 409 paths at 100 s.
The final phase-velocity maps (Fig. 2) are obtained through inver-
sion of this selected data set, which includes 1 015 650 paths from
11 310 earthquakes and 1240 stations at 50 s, and 879 927 paths
from 10 874 earthquakes and 1240 stations at 100 s (Table S1).
The data selection improves variance reduction by approximately
5 per cent and does not cause significant changes in the features
of the tomographic maps: The correlation coefficients between the
spherical-harmonic degree-20 phase-velocity maps from unselected
and selected paths are 0.97 and 0.98 for 50 and 100 s, respectively.

Three additional selection criteria are applied to the amplitude
data set. One, we remove observations with data-quality values,
which are assigned during the measurement procedure, larger than
10.0. The choice of 10.0 as the data-quality criterion is arrived at
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Figure 2. (a–b, d–e) Rayleigh wave phase-velocity maps, obtained by inverting the path-averaged δc/c c measurements, expanded to spherical-harmonic
degree 20 and 40 for 50 s (a–b) and 100 s (d–e). The degree-20 maps are generated by truncating the degree-40 maps. (c and f) GDM52 phase-velocity maps
(Ekström 2011) expanded to spherical-harmonic degree 50. (g) The power spectra of the phase-velocity maps. (h) Cumulative correlation coefficient between
our phase-velocity maps and GDM52 for 50 and 100 s.

through comparison with the quality values reported for the ampli-
tude data set utilized by Dalton et al. (2008), with which we have
extensive experience. Two, paths with their source-radiation ampli-
tude <50 per cent of the maximum value for the corresponding event
are discarded. Dalton et al. (2014) and Ma et al. (2016) have shown
that removing Rayleigh wave paths near a node in the radiation pat-
tern reduces the scatter in the data set. Source-radiation amplitude
is predicted using the Global CMT moment-tensor solutions (e.g.
Ekström et al. 2012). Finally, we follow DE06 and require that each
earthquake and station has at least 30 measurements associated with
it at each period. Earthquakes and stations with fewer than 30 as-
sociated paths are removed. The final amplitude data set contains
390 360 paths from 4621 earthquakes and 1132 stations at 50 s and
393 464 paths from 4092 earthquakes and 1159 stations at 100 s.

3 M E T H O D

Each surface-wave amplitude measurement Aij, generated by earth-
quake i and recorded by station j, at angular frequency ω is consid-
ered to be a product of four terms

Ai j (ω) = AS
i (ω) AR

j (ω) AF
i j (ω) AQ

i j (ω) , (2)

where the superscripts S, R, F and Q represent contributions from
the source, receiver, focusing and defocusing effects, and anelas-
tic attenuation, respectively. In this study, the amplitude in the
observed waveform is measured with respect to the correspond-
ing amplitude in a reference synthetic seismogram. The reference
waveform is generated by mode summation using event param-
eters from the Global Centroid Moment Tensor (GCMT) cata-
logue (Ekström et al. 2012), the reported instrument response
of each seismic station, and 1-D Earth structure from PREM
(Dziewonski & Anderson 1981). Thus, amplitude values not equal
to unity indicate that the source, receiver, focusing, and/or atten-
uation parameters assumed for the calculation of the synthetic
seismogram require adjustment. Differences between the observed
and reference waveforms could be due to: (1) the calculation of
source excitation, including uncertainties in the CMT solution and
assumptions about the local Earth structure at the centroid loca-
tion or source duration; (2) the calculation of receiver amplitude,
including local Earth structure at the receiver location and inac-
curacies in the reported instrument response; (3) focusing and
defocusing by elastic heterogeneity, which is absent in the syn-
thetic waveform and (4) imperfect amplitude measurements, for
example because of interference of overtones with the fundamental
mode.
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In this study, we are interested in how different theoretical and
practical treatments of focusing effects on surface-wave amplitude
influence the retrieved attenuation structure. We calculate focusing
effects on amplitude for six scenarios, using three different the-
oretical approximations and two sets of phase-velocity maps, as
described below. While source (AS

i ) and receiver (AR
j ) effects can

have a measurable and non-negligible impact on amplitude (e.g.
Ferreira & Woodhouse 2007), Dalton et al. (2014) have shown
that the source term can be accurately estimated by calculating the
average amplitude recorded by all stations for each event and the
receiver term can be estimated as the average amplitude of all events
recorded by each station. We follow the same procedure here.

The effect of attenuation on wave amplitude is expressed as

AQ
i j = exp

[
− ω

2U

∫
δQ−1 ds

]
, (3)

where the integration is performed along the great-circle ray path
connecting the ith source and the jth station, δQ−1(ω) is the per-
turbation in attenuation at angular frequency ω, and U (ω) is the
reference group velocity. It is understood that eq. (3) applies at a
specific frequency ω which is dropped hereinafter in similar cases.
Following DE06, the lateral variations in attenuation are expanded
in spherical harmonics to degree LQ, and eq. (3) is implemented as

AQ
i j = exp

[
−ωXi j

2U

∑L Q

l=0

∑l

m=−l
qlmY i j

lm

]
, (4)

where Xij is the path length in km, qlm are the coefficients to be

determined, and Y i j
lm is the path-averaged spherical-harmonic func-

tion.
We predict the effect of focusing on amplitude (AF

i j ) by applying
three different theoretical approaches to the Rayleigh wave phase-
velocity maps. For GCRA, the relationship between amplitude and
the relative perturbation in phase velocity is given by

ln AF
i j = δci

2c0
+ δc j

2c0

+ 1

2 sin �

∫ �

0

[
sin (� − φ) sin φ∂2

θ − cos (� − 2φ)
] δc

c0
dφ,

(5)

where �, θ , and φ are the epicentral distance, along-path coordinate,
and path-perpendicular coordinate, respectively, and δci

2c0
and

δc j

2c0
are the perturbation in phase velocity at the source and receiver,
respectively (Woodhouse & Wong 1986; Dahlen & Tromp 1998;
DE06). The ERT amplitude is determined by solving the dynamic
ray-tracing equations (e.g. Larson et al. 1998). For 2-D FFT, the
amplitude due to focusing is estimated by integrating the phase-
velocity perturbation over the unit sphere �:

ln AF
i j =

∫ ∫
�

K C
A (θ, φ)

δc

c0
(θ, φ) d�. (6)

The quantity K C
A is the 2-D single-frequency kernel that expresses

the sensitivity of Rayleigh wave amplitude to phase velocity (Zhou
et al. 2004). It is described as

K C
A = −2k3/2 cos [(�′ + �′′ − �) + π/4]√

8π |sin �′| |sin �′′| / |sin �| , (7)

where k is the wavenumber on the unit sphere, and �′, �′′ and �

denote the source-to-scatterer, scatterer-to-receiver, and source-to-
receiver great-circle angular path lengths, respectively (Zhou et al.
2004). Source-radiation and receiver-polarization factors are as-

sumed to be the same along the source-to-scatterer and scatterer-to-
receiver legs of the propagation path.

Given a set of focusing-amplitude predictions, the spherical-
harmonic maps of attenuation can thus be simultaneously deter-
mined along with the source and receiver correction terms using
following expression:

− 2U

ωXi j

(
ln AS

i + ln AR
j

) +
∑L Q

l=0

∑l

m=−l
qlmY i j

lm

= − 2U

ωXi j
ln

Ai j

AF
i j

. (8)

We follow DE06 and constrain the sum of ln AR
j values to zero in

order to reduce the trade-off between the mean values of the source
and receiver factors.

4 F O C U S I N G P R E D I C T I O N S

The phase-velocity maps derived from the selected path-averaged
phase-velocity measurements (Table S1) are shown in Fig. 2. Vari-
ance reduction of the phase observations is calculated from the
difference between the observed and predicted path-averaged phase
velocity (e.g. eq. 18 of DE06). The variance reduction provided by
the 50-s maps is 90 and 89 per cent for degree-40 and degree-20, re-
spectively; these values are 84 and 83 per cent at 100 s. Those maps
are compared with the GDM52 model (Ekström 2011) in Fig. 2.
At both periods the power spectra are highly similar, and cumula-
tive correlation coefficients up to degree 40 between our model and
GDM52 are >0.94.

We then predict the focusing effects from the phase-velocity maps
and the three approximate theories: GCRA, ERT and FFT. The val-
ues of lnAF

i j that result from these predictions are compared in
Figs 3 and 4 for 50 s and Figs S1 and S2 for 100 s, based on the cor-
responding degree-20 and degree-40 phase-velocity maps, respec-
tively. The focusing predictions from the degree-20 and degree-40
phase-velocity maps of 50 and 100 s are compared in Figs 5 and S3,
respectively. We present the comparisons with two visualizations:
a scatter plot with an individual symbol for each path, and a 2-D
histogram to illustrate the density of points in the scatter plot. These
comparisons highlight four important points. (1) For all compar-
isons, the 2-D histograms reveal that the agreement is generally
better than is apparent in the scatter plots. The nearly 400 000 in-
dividual symbols on the scatter plot tend to accentuate outliers and
obscure information about the density of points. (2) The relation-
ship between the GCRA and FFT predictions is nearly linear. At
50 s the correlation coefficient between GCRA and FFT predictions
is 0.92 for the degree-20 maps and 0.84 for the degree-40 maps.
Both approaches contain the assumption of propagation along the
great circle, and in both cases the focusing prediction varies linearly
with the phase-velocity perturbation; these two factors help explain
the observed relationship. At 50 s, FFT-predicted amplitude anoma-
lies tend to be larger than GCRA- and ERT-predicted amplitudes,
especially for the degree-20 phase-velocity map. At 100 s the am-
plitude anomalies show similar magnitudes for the degree-20 maps
and stronger magnitudes for GCRA and ERT relative to FFT for
the degree-40 maps. (3) The relationships between GCRA and ERT
predictions, and between FFT and ERT predictions, are nonlinear,
and there are strong disagreements for some paths. Larson et al.
(1998) has shown that the ERT predictions are log-normally dis-
tributed whereas the GCRA predictions are normally distributed.
The different distributions give rise to the nonlinear relationship.
A similar explanation applies to the FFT versus ERT comparison.
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Figure 3. Comparison of focusing effects (lnAF) predicted using three approximate theories (GCRA, ERT and FFT) for the degree-20 phase velocity map of
50 s period. (a, c, e) show comparison as a scatter plot; blue line shows best-fitting line determined using orthogonal regression. (b, d, f) show 2-D histogram
of area within yellow boxes to highlight the density of points, which is not apparent in the scatter plots.
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1068 X. Bao, C.A. Dalton and J. Ritsema

Figure 4. Same as in Fig. 3 but for degree-40 phase velocity map of 50 s period.

However, the 2-D histograms show that for many paths the two
sets of predictions are nearly linear, a conclusion that is not obvi-
ous from the scatter plot. (4) The predictions made using degree-40
maps show stronger disagreement between the approximate theories
than those made using degree-20 maps, especially at 50 s, as a re-

sult of the rougher heterogeneity contained in the higher-resolution
maps.

Focusing predictions made using the degree-20 and degree-40
phase-velocity maps show the best agreement for FFT (Figs 5 and
S3); the ERT and GCRA predictions are more strongly dependent
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Figure 5. Comparison of predicted focusing effects for the same approximate theory but with different spherical-harmonic expansions (degree-20 and degree-
40) in the phase-velocity maps of 50 s period. (a), (c) and (e) show scatter-plot comparison for GCRA, ERT and FFT, respectively. (b), (d) and (f) show 2-D
histogram of area within yellow boxes for GCRA, ERT and FFT, respectively.
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1070 X. Bao, C.A. Dalton and J. Ritsema

on the maximum degree of the spherical-harmonic expansion. Ma
et al. (2016) reached a similar conclusion from their comparison of
predicted amplitudes. Because the FFT prediction is calculated by
integrating the sensitivity within the Fresnel zone, the roughness of
the phase-velocity anomalies has a smaller effect than it does for the
GCRA and ERT predictions, which depend on the second derivative
of phase velocity (e.g. eq. 5). The best-fitting lines, calculated from
the degree-20 and degree-40 comparisons and determined using
orthogonal regression, have slopes of 2.30, 2.46 and 1.26 for GCRA,
ERT and FFT, respectively, at 50 s (Fig. 5) and 1.57, 1.64 and 1.16 at
100 s (Fig. S3). These values help to quantify the strong dependence
of the GCRA and ERT focusing predictions on the roughness of the
phase-velocity map, especially at 50 s.

5 AT T E N UAT I O N M A P S

Rayleigh wave attenuation maps are obtained by applying eq. (8)
to the amplitude data. The predicted focusing effects are removed
from each datum prior to the inversion; this is the approach taken
in one of our earlier studies (Dalton et al. 2008). Previous stud-
ies have accounted for focusing effects during the inversion (rather
than prior to the inversion) by allowing the amplitudes to help con-
strain the phase-velocity maps (DE06; Ma et al. 2016). In Fig. S4,
we show that the effect of this choice on the attenuation structure
is negligible; the correlation coefficient between 50-s attenuation
maps determined by accounting for focusing effects during versus
prior to the inversion is 0.96 at degree 12. Figs 6 and S5 show the
attenuation maps for 50 and 100 s, respectively. Six sets of maps
are obtained at each period, corresponding to the three approxi-
mate theories (GCRA, ERT, FFT) and the two spherical-harmonic
expansions of the phase-velocity maps (degree-20 and degree-40)
used for the focusing predictions. We follow DE06 and Dalton et
al. (2008) and expand the attenuation maps in spherical harmonics
to degree 12. We also apply a roughness-minimization constraint to
the attenuation maps. In Section 6, we discuss the sensitivity of the
data misfit to these assumptions. The same level of damping (i.e.
same value of the damping coefficient) was applied to all attenu-
ation maps in Figs 6 and S5. Figs S6 and S7 explore differences
between the six sets of maps in more detail. Since both the cur-
rent study and our earlier work (Dalton et al. 2014) have shown
that focusing is most accurately predicted using ERT and degree-20
maps at 50 s and FFT and degree-40 maps at 100 s, we express the
differences relative to those maps. The source and receiver terms
are also determined from this inversion, as shown in Fig. S8. The
magnitude and geographical distribution of these terms vary little
when focusing effects are predicted with other approximate theories
and map expansions.

The six 50-s attenuation maps (Fig. 6) contain many features in
common. The highest attenuation is found along the East Pacific
Rise and western North America; many other parts of the global
ridge system and several of the subduction zones in the western
Pacific are also characterized by above-average attenuation. Sta-
ble continental interiors, including eastern North America, western
Australia, and northern Eurasia, exhibit below-average attenuation
in all six maps. The correlation coefficient between each pair of
maps and the power in each map are summarized in Table S2 and
Fig. S9(a), which demonstrate that the large-scale attenuation fea-
tures are robustly imaged in all maps and that the maps for which fo-
cusing predictions are calculated using FFT contain stronger hetero-
geneity than when focusing predictions are calculated using GCRA
and ERT. Stronger heterogeneity in the maps with FFT focusing

predictions is consistent with the comparison of focusing-predicted
amplitudes in Figs 3 and 4: for both the degree-20 and degree-40
phase-velocity maps, the FFT-predicted amplitudes span a greater
range of values than the GCRA- and ERT-predicted amplitudes.
Since the focusing-predicted amplitudes are removed from the ob-
served amplitudes prior to inversion (eq. 8), the attenuation maps
derived from amplitudes from which FFT-predicted values have
been removed contain larger variations. The six 100-s attenuation
maps (Fig. S5) are also highly similar to one another; their corre-
lation coefficients and power spectra are summarized in Table S3
and Fig. S9(b). The strength of heterogeneity is more consistent
between the maps than is the case at 50 s.

Figs 3 and 4 show larger focusing-predicted amplitudes for FFT
than for GCRA and ERT at 50 s period. This difference man-
ifests in stronger attenuation anomalies in Figs 6(e) and (f) for
which focusing effects are predicted with FFT. Fig. 5 shows larger
focusing-predicted amplitudes for degree-40 maps than degree-20
maps when GCRA and ERT are used; however, in this case the
attenuation anomalies have a similar magnitude in the maps for
which focusing effects are predicted with GCRA and the degree-20
map versus GCRA and the degree-40 map (Fig. 6). Thus, while the
regression line helps to describe the nature of the relationship be-
tween two sets of focusing-predicted amplitudes, it alone cannot be
used to understand how the features in the attenuation maps will be
affected. The differences in the degree-20 and degree-40 focusing
predictions are entirely due to small-scale anomalies in the degree-
40 phase-velocity maps, since the long-wavelength features in the
maps are identical. The focusing-predicted amplitude differences
will therefore depend on the specifics of the propagation path, for
example what anomalies it traverses and from what direction, yield-
ing differences that are mostly uncorrelated from path to path and
the greater scatter apparent in Figs 5 and S3. It seems that the rel-
atively low spherical-harmonic expansion of the attenuation maps
(degree 12) smooths out much of this signal and causes little net
effect on the attenuation maps. On the other hand, the differences in
the GCRA and FFT focusing predictions result from differences in
the underlying theory. They might therefore be expected to be cor-
related from path to path, consistent with the lesser scatter apparent
in Figs 3 and 4 and Figs S1 and S2, and to have an overall effect on
the attenuation maps, as observed.

6 D I S C U S S I O N

6.1 Importance of source, receiver and focusing terms

Fig. 7 shows distributions of the AQ, AF, AS and AR values for
period of 50 s and with focusing effects predicted using ERT and
the degree-40 phase-velocity map. This comparison demonstrates
that the focusing and source contributions to an observed amplitude
are typically the largest, followed by attenuation; for most paths the
receiver term is relatively small.

Figs 8 and S10 explore the influence that the source and receiver
terms and corrections for focusing effects have on the retrieved
attenuation maps. Fig. 6(a) (50 s, degree-20 phase velocity map,
focusing effects predicted from GCRA) and S5a (100 s, degree-20
phase velocity map, focusing effects predicted from GCRA) are
used as references, which are plotted again as Figs 8(a) and S10(a)
for convenience. The same damping coefficient was applied to all
maps in these figures. Figs 8(c) and S10(c) show the attenuation
maps obtained when it is assumed that Rayleigh wave amplitudes
are due only to variations in attenuation; the source, receiver, and
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GCRA degree-20 GCRA degree-40

ERT degree-20 ERT degree-40

FFT degree-20 FFT degree-40

(a) (b)

(c) (d)

(e) (f)

Figure 6. Attenuation maps for 50-s Rayleigh waves. The six maps were obtained under identical conditions except for the approximate theory and expansion
of the phase-velocity map used for the prediction of focusing effects. (a) GCRA and degree-20 phase-velocity map. (b) GCRA and degree-40 phase-velocity
map. (c) ERT and degree-20 phase-velocity map. (d) ERT and degree-40 phase-velocity map. (e) FFT and degree-20 phase-velocity map. (f) FFT and degree-40
phase-velocity map. Source and receiver terms were also solved for in the inversion.

focusing terms in eq. (8) are all ignored. Figs 8(b) and S10(b)
show the maps obtained the observed amplitudes are attributed
to variations in attenuation and focusing effects while source and
receiver terms are ignored; the main patterns in these maps are
significantly similar those in Figs 8(a) and S10(a).

Comparison of Figs 8(b) and (c) highlights the specific features
that are altered by accounting for focusing effects. The largest
changes are in the northern hemisphere between longitudes of
90◦E and 270◦E. When focusing effects are accounted for, attenua-
tion along the Pacific continental margin is significantly enhanced;

the channel of low phase velocities that characterizes this region
(Figs 2a–c) likely causes focusing of Rayleigh wave amplitudes that
is mapped into anomalously low attenuation when focusing effects
are ignored. The defocusing that occurs on either side of this low-
velocity channel reduces Rayleigh wave amplitudes and is mapped
into anomalously high attenuation when focusing effects are ig-
nored. Accounting for focusing effects due to propagation through
low-velocity channels also enhances attenuation in several places
along the mid-ocean-ridge system, for example in the southernmost
Pacific-Antarctic Ridge, the easternmost Southeast Indian Ridge,
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Figure 7. Histograms showing the distribution of lnAQ, lnAF, lnAS and lnAR

from the inversion of degree-12 attenuation map of 50 s period for focusing
predicted with ERT and degree-40 phase velocity map.

and the Mid-Atlantic Ridge. Accounting for defocusing effects due
to propagation through high-velocity regions reduces attenuation in
almost all areas of Archean and Proterozoic crust.

In Figs 8(d) and S10(d) we show attenuation maps obtained when
source and receiver terms are included in the inversion but the fo-
cusing correction is excluded. Comparison of Figs 8(d) and (c)
highlights the specific features that are altered by accounting for
source and receiver effects. The differences are generally slight,
indicating that source and receiver terms have a smaller effect on
the attenuation structure in Figs 6 and S5 than the focusing effects
do. Source or receiver terms that are larger than unity indicate that
the actual source or receiver amplitude is larger than the source or
receiver amplitude predicted by PREM. If source and receiver ef-
fects on amplitude are ignored, the large amplitude values map into
anomalously low attenuation, and the opposite is true for source
and receiver terms that are smaller than one. Accounting for source
and receiver effects slightly reduces attenuation in the vicinity of
Hawaii; this is an area where source and receiver terms are gener-
ally <1 (Fig. S8), indicating that PREM overestimates source and
receiver amplitudes, which will map into anomalously high attenu-
ation if source and receiver effects are ignored. On the other hand,

accounting for source and receiver effects slightly enhances atten-
uation just north of the India–Eurasia Plate boundary. In this area
the source and receiver terms are generally >1 (Fig. S8); PREM
underestimates the source and receiver amplitudes, which will map
into anomalously low attenuation if source and receiver effects are
ignored.

Whereas Fig. 8 assesses the effects of focusing and source and
receiver terms relative to the case where all are ignored, Fig. 9 as-
sesses their influence relative to the case where all are considered.
Fig. 9(a) shows features that are changed by the exclusion of focus-
ing, source, and receiver effects, and Fig. 9(c) shows features that are
changed when only focusing is ignored. Figs 9(b) and (d) demon-
strates that neglecting focusing effects has a more profound impact
on the maps at higher spherical-harmonic degrees; the low-degree
(long-wavelength) attenuation features can be faithfully retrieved.
Dalton et al. (2014) reached a similar conclusion from their inver-
sion of synthetic Rayleigh wave amplitudes: the long-wavelength
features (degree <6) of the input attenuation maps were nearly
perfectly recovered but the shorter-wavelength features were cor-
rupted by focusing effects. For the 100-s comparison (Fig. S11),
the two maps are well correlated at degrees <6 but de-correlated
at higher degrees. The difference maps highlight higher attenua-
tion along the mid-ocean ridges, western North America, and the
western Pacific and lower attenuation in the Pacific basin and stable
cratonic areas in the maps in Figs 6(a) and S5(a) relative to Figs 8(c)
and S10(c).

To understand how focusing effects can masquerade as atten-
uation structure if not correctly treated, we invert the focusing-
predicted amplitudes for degree-12 attenuation maps (Figs 10 and
S12). The six sets of 50-s maps contain similar features, although
stronger anomalies are obtained from inverting the FFT-predicted
amplitudes than the GCRA- and ERT-predicted amplitudes. This is
consistent with our observation that the 50-s attenuation maps for
which focusing effects were predicted with FFT contain stronger
heterogeneity (Fig. 6). Many of the features in Figs 10 and S12
can be related to large horizontal gradients in phase velocity. For
example, the pronounced low-velocity zone along western North
America results in focusing of Rayleigh waves and high amplitudes.
High amplitudes, if interpreted in terms of attenuation instead of
focusing, map into low-attenuation features, as can be seen along
western North America.

If the attenuation maps obtained when source and receiver terms
are included in the inversion but the focusing correction is excluded
(Figs 8d and S10d) contain a large signal due to focusing effects
and if the amplitudes due to focusing effects predicted with GCRA,
ERT or FFT are sufficiently accurate, we would expect a correlation
between the maps in Figs 10 and 8(d), and Figs S12 and S10(d),
respectively. Figs 11 and S13 show the correlation coefficient at
each degree for 50 and 100 s, respectively. At degrees <7 the maps
are generally de-correlated or somewhat anti-correlated. However,
at higher degrees the correlation becomes steadily more positive,
indicating contamination of the attenuation maps in Figs 8(c), (d)
and S10(c), (d) by unmodelled focusing effects.

6.2 Error estimation

We calculate the variance reduction vramp to assess the ability of the
inversion results to fit the amplitude observations:

vramp = 1 −
∑N

k=1

(
qobs

k − qpred
k

)2

∑N
k=1

(
qobs

k

)2
, (9)
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Figure 8. Comparison of 50-s attenuation maps obtained with and without corrections for source, receiver, and focusing effects. (a) As in Fig. 6(a), the
amplitude observations are attributed to attenuation, source, receiver, and focusing effects (GCRA, degree 20). (b) Both attenuation and focusing effects are
considered; source and receiver effects are ignored. (c) Only attenuation is considered in the inversion; source, receiver and focusing effects are all ignored. (d)
Attenuation, source, and receiver effects are considered; focusing effects are ignored.

where

qobs
k = − 2U

ωXk
ln Ak, (10)

and

qpred
k = − 2U

ωXk

(
ln AS

k + ln AR
k + ln AF

k

)

+
∑L Q

l=0

∑l

m=−l
δQ−1

lm Y k
lm . (11)

Here N is the total number of amplitude measurements.
The variance reduction for the 50-s and 100-s amplitude data

sets primarily depends on three factors: (1) the strength of damping
applied to the attenuation coefficients; (2) the maximum degree of
the spherical-harmonic expansion of the attenuation map; (3) the
approximate theory and phase-velocity map used for the prediction
of focusing effects. Of these three factors, the strength of damping
has the smallest effect; in fact, we obtain a reasonable attenuation
map without any damping at all. The plot of variance reduction as a
function of damping parameter takes the shape of an L-curve: higher
(lower) variance reduction for small (large) damping parameters and
a steeper (shallower) fall-off at small (large) damping parameters,
with a corner at the transition from steep to shallow. Like many
studies of this nature, we select the optimal damping factor (0.005) at
the position of the corner. To illustrate the relatively minor influence
of this decision we note that variance reduction decreases by only
1 per cent when the damping factor is increased from 0 to 0.01

for the degree-12 50-s attenuation map determined with focusing
predictions using GCRA and the degree-20 phase-velocity map.

The influence of the other two factors on variance reduction is
shown in Fig. 12; the optimal damping factor (0.005) is used for
these calculations. Maximum degree of the spherical-harmonic ex-
pansion for the attenuation maps is varied (4, 8, 12, 16, 20), and the
six sets of focusing predictions (degree-20 and degree-40 phase-
velocity maps with GCRA, ERT, and FFT approximate theories)
are considered. As expected, the variance reduction improves with
maximum degree of the spherical-harmonic expansion of the atten-
uation maps; the number of unknown coefficients increases from
25 to 441 as the degree increases from 4 to 20. We use an F-test
to confirm that each incremental variance-reduction improvement
(e.g. as degree increases from 4 to 8, or from 8 to 12, etc.) is statis-
tically significant at the 95 per cent confidence level, meaning that
the change in variance reduction results from more than just a larger
number of unknown parameters. Instead, the inclusion of smaller-
scale heterogeneity in the attenuation maps provides a better fit to
the amplitude observations.

At a fixed degree of the expansion of the attenuation maps, differ-
ences in variance reduction are due to differences in the predicted
focusing amplitudes, and presumably higher variance reduction can
be attributed to predicted focusing amplitudes that more faithfully
represent actual focusing effects in the real Earth. For example,
FFT-predicted amplitudes using degree-20 and degree-40 phase-
velocity maps are highly similar (Figs 5 and S3); not surprisingly,
the corresponding variance-reduction values are also quite similar
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Figure 9. The effect on attenuation structure of including or ignoring focusing effects. (a) This difference map highlights the effect of accounting for focusing,
source, and receiver effects. Positive (negative) values indicate that attenuation is lower (higher) when these effects are accounted for. (b) Correlation coefficient
at each spherical-harmonic degree (solid line with black dots) and cumulative correlation coefficient (dashed line) between maps in Figs 8(c) and (a). (c) This
difference map highlights the effect of accounting for focusing effects. (d) Correlation coefficient at each spherical-harmonic degree (solid line with black
dots) and cumulative correlation coefficient (dashed line) between maps in Figs 8(d) and (a).

Degree-20, GCRA Degree-20, ERT Degree-20, FFT

Degree-40, GCRA Degree-40, ERT Degree-40, FFT

−0.005 0.000 0.005
δQ-1

Figure 10. Demonstration of how focusing effects will be mapped into anomalous attenuation structure if not accounted for. Maps are obtained by inverting
the focusing-predicted amplitudes in Figs 3 and 4 for degree-12 attenuation maps at 50 s. Note that no amplitude measurements are used to derive these maps.

(Fig. 12). At 50 s, the GCRA- and ERT-predicted amplitudes using
degree-20 phase-velocity maps yield nearly identical variance re-
ductions, as expected given the similarity of the two sets of focusing
predictions (Fig. 3f). At 50 s, the two ray-based theoretical approx-

imations, GCRA and ERT, yield focusing predictions that provide
the best variance reduction to the amplitude observations; for at-
tenuation maps expanded to degree 16 and larger, variance reduc-
tion with FFT-based focusing predictions overlaps with these two.
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Figure 11. Correlation coefficient at each spherical-harmonic degree be-
tween Figs 8(d) and 10.

Focusing predictions using degree-40 phase-velocity maps rather
than degree-20 maps result in weaker variance reduction for all
scenarios. At 100 s, FFT-based focusing predictions provide the
strongest variance reduction for all scenarios, with slightly higher
values for the degree-40 phase-velocity maps.

These results agree with well the conclusions reached by Dal-
ton et al. (2014) in their study of Rayleigh wave amplitudes mea-

sured from synthetic waveforms that were generated using a 3-D
elastic model and 1-D anelastic model. In that earlier study, the ef-
fects of source excitation and receiver amplification were removed
from the amplitude measurements so that the remaining signal
could be attributed to elastic propagation effects; these corrected
measurements were compared to predicted focusing amplitudes.
Dalton et al. (2014) found that at shorter periods (50 s) ERT
most accurately predicted focusing effects whereas at longer pe-
riods (125 s) FFT was most successful. While GCRA was least
successful at all periods, it performed especially poorly when the
3-D elastic model contained strong short-wavelength heterogeneity.
In the present study we find that the ray-based approaches gener-
ally perform better than the finite-frequency kernels at 50 s and
that using GCRA with a degree-40 phase-velocity map explains
very little of the variance in the amplitude observations. At longer
periods FFT performs better than either ray-based approach. Both
sets of results indicate that the approximation of the surface wave
as a thin ray that can bend according to local velocity structure
is more appropriate than a broad kernel that is symmetric about
the great-circle path for the short-wavelength high-frequency sur-
face waves. For long-wavelength low-frequency surface waves, the
opposite is true: the broad sensitivity zone is more important for
representing focusing effects than the ray-bending effects. In con-
trast to the earlier study, we see less difference between GCRA and
ERT, especially when the degree-20 phase-velocity maps are used.
One explanation for this discrepancy may be the extent to which
the phase-velocity maps faithfully represent actual Earth structure.
In the earlier study of synthetic waveforms the 3-D elastic model is
prescribed and therefore perfectly known; in the current study the
phase-velocity maps are determined from travel-time measurements
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Figure 12. Variance reduction of the amplitude observation for different inversion results at (left-hand panel) 50 s and (right-hand panel) 100 s. The spherical-
harmonic expansion of the attenuation maps and the approximate theory and phase-velocity map expansion utilized for the prediction of focusing amplitudes
are varied. Red, blue, and black lines and symbols represent GCRA, ERT and FFT, respectively.
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Figure 13. Comparison of 50-s Rayleigh wave attenuation maps, here expanded to spherical-harmonic degree 12. (a) From this study, with focusing effects
predicted using GCRA and the degree-20 phase velocity map. (b) From DE06. (c) From Ma et al. (2016). Note that similar attenuation patterns are shown in
all models, but our model resolves the relatively weak attenuation to the east of the New Zealand.

Figure 14. Correlation coefficient at each spherical-harmonic degree between the maps of this study (Figs 6 and S5) and earlier results of DE06 and Ma et al.
(2016). In this comparison the maps of this study have had focusing effects predicted with degree-20 phase-velocity maps.

and contain the assumption of propagation along the great-circle
path.

6.3 Comparison with earlier studies

Fig. 13 presents a comparison of 50-s attenuation maps derived
in this study with the previously published results of DE06 and
Ma et al. (2016). DE06 used a degree-20 phase-velocity map and
GCRA to account for focusing effects, and Ma et al. (2016) used
finite-frequency kernels. The three independent attenuation studies
utilized three independent data sets of Rayleigh wave amplitudes
and accounted for focusing effects using three independently de-
rived sets of phase-velocity maps. We use a spherical-harmonic
expansion of all maps to degree 12 for these comparisons. Fig. 14
shows the correlation coefficient at each spherical-harmonic degree
between the earlier studies and the three attenuation maps from
this study for which focusing effects are predicted with degree-20
phase-velocity maps.

At 50 s, agreement between the three maps from this study and
the two earlier studies is generally good, and differences between the
six comparisons are minor. The cumulative correlation coefficient
at degree 12 between the two earlier studies and the map from this
study with focusing effects predicted using FFT is slightly lower
(approximately 0.80) than when the comparison is performed using

maps from this study with focusing effects predicted using ERT and
GCRA (approximately 0.86). At 100 s, the comparison shows good
agreement between the maps of this study and Ma et al. (2016).
At degrees 5–10 the correlation coefficients between this study
and DE06 are significantly lower, resulting in smaller cumulative
correlation coefficients at degree 12 for the comparison to DE06
(approximately 0.65) than to Ma et al. (2016) (approximately 0.65).

We further scrutinize the differences between DE06 and the cor-
responding result from this study (e.g. Fig. 6a), since we have access
to both data sets of amplitude measurements. We consider two pos-
sible explanations for the differences between the maps. One, the
data used in this study are from a different data set than was utilized
by DE06 (Fig. 1). This affects not only the nature of the measure-
ments themselves but also the size (and path coverage) of the data
set, which is much larger in the current study. DE06 used 16 225
50-s amplitude measurements and 16 059 100-s amplitude mea-
surements; for comparison, our maps are determined from 390 360
and 393 464 amplitude measurements at 50 and 100 s, respectively.
Two, in DE06 the phase-velocity maps and attenuation maps were
simultaneously determined from joint inversion of the phase and
amplitude data; here focusing effects are predicted and removed
from the data prior to inversion.

We investigate if the size of the data set is responsible for the
differences. We identify the paths that the two data sets have in
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common (e.g. Fig. 1) and invert them separately for 2-D attenuation
maps. Focusing effects are predicted using GCRA applied to three
sets of phase-velocity maps: the degree-20 and degree-40 maps from
this study and the degree-20 maps used byDE06. The un-damped
attenuation maps for 50 s are shown in Fig. S14. The attenuation
maps from the two different data sets are nearly identical, with
correlation coefficients equal to 0.98 for all three pairs of maps.
The results for 100 s, which are not shown, are similar to those for
50 s. We therefore conclude that the differences in the measurement
techniques and the way focusing effects are removed have little
influence on the disagreement between our attenuation maps and
DE06. Instead our test suggests that the differences are due to the
difference in path coverage of these two studies.

The comparisons described in this section highlight an important
result: degree-12 global attenuation maps determined by different
groups using independent amplitude data sets and phase-velocity
maps exhibit a high level of consistency that did not exist for the pre-
vious generation of attenuation studies. Perhaps this finding is not
entirely surprising, since all three studies utilized a similar approach
for the treatment of source, receiver, and focusing effects. However,
it is encouraging to see that when different groups approach the
problem separately and with independent data sets, a consistent
result begins to emerge. Furthermore, the work described in the
current study helps to quantify the extent to which the specific
treatment of focusing effects influences the retrieved attenuation
structure. Together these two developments suggest that it may be
possible to move beyond degree-12 attenuation maps and consider
higher-resolution images. As an example, Fig. S15 shows 50-s at-
tenuation maps from this study and Ma et al. (2016) expanded to
spherical-harmonic degree 20. The comparison shows good agree-
ment between the two maps, especially for degrees <17 (Fig. S16).
These degree-20 maps help to resolve more clearly features such as
the division between western and eastern North America and areas
of anomalously high attenuation along the Mid-Atlantic Ridge.

7 C O N C LU S I O N S

We used a new global data set of fundamental-mode Rayleigh wave
amplitudes to investigate the influence of elastic focusing on at-
tenuation maps. The amplitudes, which have not been previously
utilized for seismic tomography, are compared to an independent
data set measured using the approach of Ekström et al. (1997). The
two data sets compare favorably, and the attenuation maps derived
from them are highly similar, especially when identical path cov-
erage is used for the comparison. Phase-velocity maps expanded
to spherical-harmonic degree 20 and degree 40 are calculated from
Rayleigh wave phase delays and used as input to predict focusing
effects. Focusing effects are predicted using three different theo-
retical approaches for surface-wave propagation: the great-circle
ray approximation, exact ray theory, and finite-frequency theory. At
50 s, FFT predicts stronger focusing along many paths than GCRA
and ERT for the degree-20 phase-velocity map and then ERT for the
degree-40 map. At 100 s, the magnitude of the predicted amplitudes
is similar for the degree-20 map and weaker using FFT than GCRA
and ERT for the degree-40 map. Amplitudes predicted with the two
ray-based theories are more strongly sensitive to the roughness of
heterogeneity in the phase-velocity map than amplitudes predicted
with FFT are.

The six sets of attenuation maps, determined after removing the
six sets of focusing predictions from the observed amplitudes and
as part of a joint inversion for attenuation coefficients, source terms,

and receiver terms, contain the same primary features and are highly
correlated with each other. This result follows directly from com-
parison of the predicted focusing effects: although the scatter plots
of predicted focusing amplitudes would seem to suggest significant
differences between the different approaches, the 2-D histograms
show that for most paths the predicted values are actually very sim-
ilar. The magnitude of the heterogeneity in the attenuation maps,
however, can depend on the magnitude of the predicted focusing
amplitudes. Attenuation maps at 50 s for which focusing effects
were predicted using FFT contain stronger heterogeneity than when
focusing effects are predicted using GCRA and ERT, in agreement
with the difference in magnitude of the predicted amplitudes for
those scenarios. We note that we do not observe a systematic differ-
ence in the strength of anelastic heterogeneity when focusing effects
are predicted with the degree-20 versus degree-40 phase-velocity
maps, even though amplitude anomalies predicted with ray-based
approaches and degree-40 maps are larger than the equivalent calcu-
lation for degree-20 maps, and we offer the following explanation.
Whether propagation through a degree-40 versus degree-20 map
will affect predicted amplitude varies from path to path and de-
pends on factors such as which velocity anomalies are encountered
along the path and how the path is oriented relative to the velocity
anomalies. It is not surprising that such path-dependent differences
have little overall impact on the attenuation map. On the other hand,
differences in the underlying theory used for an amplitude predic-
tion (e.g. GCRA, ERT, and FFT) are likely to be correlated from
path to path and, as such, can change the large-scale features in the
attenuation map.

The variance reduction of the amplitude observations depends
strongly on the predicted focusing amplitudes. At 50 s, the attenu-
ation coefficients, source terms, and receiver terms that result from
the inversion provide the best variance reduction when focusing ef-
fects are predicted using the two ray-based approaches and degree-
20 phase-velocity maps. Using degree-40 maps with GCRA and
ERT weakens the variance reduction by 10–30 per cent. At 100 s,
focusing effects predicted with FFT provide the best variance reduc-
tion, with little difference for the degree-20 and degree-40 maps.
These results suggest that, of the three approximate theories tested,
ERT is most useful for predicting focusing effects at shorter periods
and FFT is most useful at longer periods. This finding agrees with
an earlier comparison of measured and predicted focusing effects
using spectral-element synthetic seismograms (Dalton et al. 2014).

We compare attenuation maps determined using amplitudes ob-
servations corrected for focusing effects and using observations
not corrected for focusing effects. The two sets of maps are highly
correlated at spherical-harmonic degrees <8 for 50 s and <6 for
100 s. At higher degrees the correlation rapidly degrades, indicating
that unmodelled focusing effects corrupt the smaller-scale features
in attenuation maps while allowing the large-scale features to be
robustly imaged.

Constraints on attenuation in the upper mantle can help to iden-
tify the presence of water (Rychert et al. 2008) and melt (Yang et al.
2007; Abers et al. 2014).They can also be used to place bounds on
the range of mantle potential temperatures (Dalton et al. 2009) and
to account for anelastic effects on seismic velocity, yielding more
accurate estimates of temperature from wave speed (e.g. Goes &
van der Lee 2002). With the exception of studies from subduction
zones (Stachnik et al. 2004; Rychert et al. 2008; Pozgay et al. 2009;
Abers et al. 2014), Rayleigh wave amplitudes are the data set most
commonly used to investigate upper-mantle attenuation. Account-
ing for focusing effects on amplitude remains the primary obstacle
to imaging attenuation, limiting the resolution of attenuation models
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and the degree of agreement between different attenuation studies.
In this paper we have demonstrated the level of uncertainty that may
be introduced into attenuation models as a result of choices about
how best to treat focusing effects. We have also shown good agree-
ment between attenuation maps obtained from inversions of three
independent amplitude data sets. The general consistency between
the different sets of attenuation maps represents significant progress
in global attenuation imaging. This success suggests that it may be
worthwhile to try to resolve smaller-scale attenuation features from
Rayleigh wave amplitudes.
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Additional Supporting Information may be found in the online ver-
sion of this paper:

Table S1. Summary of data used in this study.
Table S2. Summary of cumulative correlation coefficients at
spherical-harmonic degree-12 between each pair of maps of
50 s in Fig. 6.
Table S3. Summary of cumulative correlation coefficient at
spherical-harmonic degree-12 between each pair of maps of
100 s in Fig. S5.
Figure S1. Same as in Fig. 3 but for degree-20 phase velocity map
of 100 s period.
Figure S2. Same as in Fig. 3 but for degree-40 phase velocity map
of 100 s period.
Figure S3. Same as in Fig. 5 but for 100 s.
Figure S4. Comparison of degree-12 50-s attenuation maps ob-
tained when (a) focusing is accounted for during the inversion
by jointly inverting for phase-velocity and attenuation maps (e.g.
DE06), and (b) focusing is accounted for prior to the inversion
by predicting and subtracting focusing effects with GCRA and a
degree-20 phase velocity map. No smoothing is applied to these
maps, and source and receiver terms are also determined.
Figure S5. Same as in Fig. 6 but for period = 100 s.
Figure S6. Demonstration of the differences between the six 50-
s attenuation maps in Fig. 6. (a–e) Differences between the maps
expressed relative to the ERT degree-20 map. (f) Correlation coef-
ficient, at each spherical-harmonic degree, between the 50-s ERT
degree-20 map and the five other maps in Fig. 6.
Figure S7. Demonstration of the differences between the six 100-
s attenuation maps in Fig. S5. (a–e) Differences between the
maps expressed relative to the FFT degree-40 map. (f) Correlation

coefficient, at each spherical-harmonic degree, between the 100-s
FFT degree-40 map and the five other maps in Fig. S5.
Figure S8. Source and receiver terms at 50 s from the inversion
of degree-12 attenuation map for focusing predicted with ERT and
degree-40 phase velocity map. (a) and (b) show the lnAS and lnAR

map, respectively. (c) and (d) are histograms showing the distribu-
tion of lnAS and lnAR, respectively.
Figure S9. Power spectra of maps in Fig. 6 (50 s) and Fig. S5
(100 s). Blue, red, and black lines denote GCRA, ERT, and FFT,
respectively. Solid and dashed lines denote the phase velocity map
of degree-20 and degree-40, respectively.
Figure S10. Same as in Fig. 8 but for 100 s.
Figure S11. Same as in Fig. 9 but for 100 s by showing the difference
map in Fig. S10.
Figure S12. Same as in Fig. 10 but for 100 s.
Figure S13. Correlation coefficient at each spherical-harmonic de-
gree between Figs S10(d) and S12.
Figure S14. 50-s attenuation maps, with no damping applied, de-
rived using the subset of amplitude measurements held in common
by (left) DE06 and (middle) this study. Focusing effects are pre-
dicted using GCRA and three different phase-velocity maps—the
degree-20 map determined by DE06, the degree-20 map determined
in this study, and the degree-40 map determined in this study. Right-
hand panel shows the difference between the two sets of map. The
difference maps are determined by subtracting the map of this study
from the map of DE06. Colour scale shows perturbation in attenu-
ation, dQ−1.
Figure S15. Degree-20 attenuation maps for 50-s Rayleigh waves.
(a) From this study, with focusing effects predicted using GCRA
and the degree-20 phase-velocity map. (b) The map of Ma et al.
(2016) is shown here expanded in spherical harmonics to degree 20.
Figure S16. Correlation coefficient at each spherical-harmonic de-
gree between the degree-20 expansion of the 50-s attenuation map
of Ma et al. (2016) and the six degree-20 maps developed in this
study.
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ggw322/-/DC1).

Please note: Oxford University Press is not responsible for the con-
tent or functionality of any supporting materials supplied by the
authors. Any queries (other than missing material) should be di-
rected to the corresponding author for the paper.

Downloaded from https://academic.oup.com/gji/article-abstract/207/2/1062/2583769
by University of Rhode Island Library user
on 23 December 2017

http://gji.oxfordjournals.org/lookup/suppl/doi:10.1093/gji/ggw322/-/DC1
http://gji.oxfordjournals.org/lookup/suppl/doi:10.1093/gji/ggw322/-/DC1

