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A B S T R A C T   

Hydraulic fracturing has proven to be an efficient technique to enhance production in unconventional reservoirs. 
Since heterogeneity is commonplace in reservoir rocks, it is vital to investigate the influence of rock heteroge-
neity on hydraulic fracture propagation. Here, based on the combined finite-discrete element method (FDEM) 
and cohesive zone model, two series of numerical models with uniformly distributed and Weibull-distributed 
elastic modulus of rock are assembled, respectively. The comparison with the theoretical solution demon-
strates the reliability of the simulation models in both the toughness-dominated regime (TDR) and viscosity- 
dominated regime (VDR). The parameter analysis demonstrates the rationality of parameters for cohesive ele-
ments. The results show that the previous theoretical equations can be used as a preliminary evaluation of 
simulation parameters. The effects of different parameters such as element size, Weibull distribution type, and 
far-field stress on hydraulic fracture length, fluid pressure, maximum fracture aperture, and the final fracture 
morphology are evaluated. The results demonstrate that the distribution type of rock elastic modulus has a 
significant impact on the hydraulic fracture propagation in both TDR and VDR. The “jump” phenomena have 
been observed in TDR caused by high fracture toughness. The displacement of fracture location and asymmet-
rically dynamic propagation are affected by the distribution of rock elastic modulus. Besides, the hydraulic 
fracture propagation in TDR is more susceptible to element size, the distribution of rock elastic modulus, and far- 
field stress than that in VDR. This research may shed light on the development of hydraulic fracturing technology 
in tight reservoirs.   

1. Introduction 

Hydraulic fracturing technique has been widely used to increase the 
permeability of tight reservoir rocks, with the ultimate goal of 
enhancing oil and gas production in unconventional reservoirs (Carrier 
and Granet, 2012; Detournay, 2016; Wang, 2019; Wu et al., 2020). 
However, material heterogeneity is commonplace in reservoir rocks (Ju 
et al., 2016; Lei and Gao, 2019; Liu et al., 2018; Ma et al., 2018; Val-
liappan et al., 2017), and it may have great impacts on the propagation 
of hydraulic fractures. Therefore, it is necessary to investigate the in-
fluence of rock heterogeneity on hydraulic fracturing. 

Previously, average values of mechanical parameters of rock samples 
obtained at mesoscopic scale are commonly used as the equivalent 
mechanical parameters of oil and gas reservoir at macro scale (as shown 

in Fig. 1). In fact, after many years sedimentation and diagenesis, oil and 
gas reservoirs usually have different degrees of heterogeneities 
(Doughty et al., 1994). However, due to the difficulty of implementation 
and the limitation of monitoring tools, it is difficult to study the het-
erogeneity and its effect on hydraulic fracturing in laboratory experi-
ments (Deng et al., 2018b; Wu et al., 2020). Thus, numerical models 
considering rock heterogeneity characteristics have to be established for 
such study. 

As a matter of fact, hydraulic fracture propagation has been 
numerically studied by many researchers (e.g., Cheng et al., 2017; Dahi 
Taleghani et al., 2018; Dahi Taleghani et al., 2016; Huang et al., 2019; 
Ju et al., 2016; Salimzadeh and Khalili, 2015; Salimzadeh et al., 2017; 
Wu et al., 2018; Yan et al., 2016; Zhang and Dontsov, 2018; Zhang et al., 
2017). Finite element method (FEM), due to its versatility and maturity, 
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Fig. 1. Sketch of hydraulic fracturing operation and laboratory test results of reservoir parameters. (Modified from Lecampion and Desroches (2015) and Zhuang 
et al. (2020)). 
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Fig. 2. Demonstration of elements in a heterogeneous FDEM model used in the present paper.  
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is among one of the most commonly used, especially in the early practice 
of hydraulic fracturing simulation (Adachi et al., 2007; Carrier and 
Granet, 2012). In FEM models, reservoir rocks are often considered as 
continuous media, and thus uniform parameter values are assigned to all 
numerical elements. As an improvement, Ju et al. (2016) divided the 
rock specimen into matrix and gravels using the continuum-based 
discrete element method (CDEM), and different mechanical parame-
ters were assigned to the elements according to their physical associa-
tion. In their models, the rock heterogeneity is weighed by gravel 
volumetric fraction, so the effect of rock heterogeneity on hydro-
fracturing behavior of a heterogeneous rock has been analyzed. The 
simulation results show that the rock heterogeneity has considerable 

effect on crack initiation, which indicates the necessity of heterogeneous 
model for understanding hydraulic fracture propagation. Following this, 
few other heterogeneous models have been found to further study the 
influence of rock heterogeneity on hydraulic fracturing (e.g., Wang, 
2019; Wu et al., 2019). 

In recent years, theoretical researches demonstrate that hydraulic 
fractures have many propagation regimes, e.g., the toughness- 
dominated regime (TDR) and viscosity-dominated regime (VDR) 
(Detournay, 2016; Dontsov, 2017). Unfortunately, this has not been 
considered in the previous heterogeneity studies. Therefore, it is 
necessary to investigate the influence of different hydraulic fracture 
propagation regimes in the rock heterogeneity analysis. As an example 
of such implementation, Huang et al. (2019) presented both homoge-
neous and heterogeneous models using particle-based discrete element 
method (DEM), and the effects of rock inherent heterogeneity and grain 
size on hydraulic fracture initiation and propagation in both TDR and 
VDR are discussed. Their simulation results are helpful to understand 
hydraulic fracture propagation in heterogeneous rocks under different 
propagation regimes. However, due to the nature of particle flow DEM, 
the variability of key parameters such as fracture aperture cannot be 
precisely acquired. Additionally, considering that the rock heterogene-
ity in the particle-based DEM is realized by rigid particle distributions, 
which seems different from our general understanding of rock material 
heterogeneity, alternative approaches such as the combined finite- 
discrete element method (FDEM) (Lei and Gao, 2018, 2019; Munjiza, 
2004) should be employed to further explore this. The FDEM, due to its 
capability to explicitly represent rock heterogeny and dynamically 
simulate the progressive evolution of fracture morphology, provides a 
useful tool to thoroughly investigate hydraulic fracture propagation 
under different propagation regimes and rock heterogeneity 
characteristics. 

In this paper, both homogenous and heterogeneous models under 
different hydraulic fracture control regimes are established using FDEM 
and the difference between them is compared. The influences of element 
size, distribution type of rock elastic modulus and far-field stress on the 
variation of breakdown pressure, propagation pressure, fracture length, 
and maximum fracture aperture in different models and control regimes 
are analyzed. The corresponding theories are introduced in Sections 2, 
followed by the model calibration with theoretical solutions in Sections 
3. The results are depicted in Sections 4 and the conclusions are given at 
the end. 

2. Theories in a nutshell 

To give a clear demonstration of the methods used in the present 
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Fig. 3. Variability of elastic modulus in a rock specimen characterized by 
different Weibull distribution types. 

Table 1 
Main parameters used in the theoretical solutions for VDR and TDR.  

Parameters VDR TDR 

Eb (GPa)  29.5 29.5 

v 0.292 0.292 
Q0 (m2/s) 1 × 10-4 3 × 10-7 

t (s) 0.1 9.0 
u (cp) 100 2 
Km 0.653 16.4 
σH/σh (MPa) 15/10 15/10  

Fig. 4. Schematic of the hydraulic fracturing model, (a) homogenous model, and (b) heterogeneous model (the color represents the value of rock elastic modulus).  
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study, in this section, we first present an overview of the theories of 
FDEM. This is followed by the illustration of the theory and imple-
mentation of cohesive element used for hydraulic fracturing simulation. 
In addition, a detailed demonstration of the heterogeneous model using 
the Weibull distribution of rock elastic modulus is elucidated in Section 
2.3. 

2.1. Overview of FDEM 

FDEM was pioneered by Dr. Munjiza (Munjiza, 2004) and has been 
significantly improved after many years developments (Knight et al., 
2020; Lei et al., 2014; Lisjak et al., 2013; Xiang et al., 2009a; Xiang et al., 
2009b; Yan et al., 2018). In previous applications, FDEM has proven to 
be an effective and reliable tool for solving rock mechanics related 

Fig. 5. Final stress nephogram of simulated (homogeneous) models in (a) VDR (0.1 s) and (b) TDR (9 s).  
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Fig. 6. Comparison between the theoretical solution and simulation results (homogeneous model) in VDR (top row, i.e., a & b) and TDR (bottom row, i.e., c & d) in 
terms of hydraulic fracture length versus injection time (left column, i.e., a & c) and the fracture aperture versus fracture position (right column, i.e., b & d). 
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problems, e.g., stress analysis, stress effects on rock mass permeability 
and rock fracture behavior (Latham et al., 2013; Lei and Gao, 2018, 
2019; Lei et al., 2019; Rougier et al., 2020). Compared with traditional 
DEM, FDEM can meet the requirements of simulating rock mechanical 
behaviors from laboratory samples to reservoir scales. The FDEM rep-
resents a rock model using a full mesh of finite elements, and adjacent 
elements are further linked by cohesive element. When loads are applied 
to the rock, the motions of finite elements can be calculated by the forces 
acting on elemental nodes; the deformation of finite elements can be 
calculated by the corresponding constitutive relations. The cohesive 
elements embedded in the FDEM formulation further permits the 
simulator to capture the initiation and propagation of fractures. 

Based on FDEM, heterogeneous rock specimens are assumed to be 
composed of rock elements and zero-thickness cohesive elements 
(Fig. 2). With continuous fluid injection, hydraulic fractures can be 
formed between rock elements. Therefore, when the boundary and load 
conditions are determined, the hydraulic fracturing process of reservoir 
rock specimen can be readily simulated. The fluid–solid coupling pro-
cess and the solution of time step during fracturing is solved by the 
corresponding coupling governing equations (Dahi Taleghani et al., 
2018; Dahi Taleghani et al., 2016; Guo et al., 2015; Wu et al., 2020; Wu 
et al., 2018). For clarity, details regarding the fluid–solid coupling 
procedure are illustrated in Appendix A. 

2.2. Cohesive zone model 

At the onset of simulation, adjacent rock elements are connected by 
zero-thickness global cohesive elements, with the purpose to dynami-
cally simulate hydraulic fracture propagation. The behavior of cohesive 
elements is controlled by a traction-separation law. Before damage oc-
curs, the stress and strain of the cohesive element satisfy the linear 
elastic relationship (Guo et al., 2015; Wu et al., 2020) 

σcoh =

[
σcohn
σcohs

]

= Kcohεcoh =

[
Kcohnn Kcohns
Kcohns Kcohss

][
εcohn
εcohs

]

(1)  

where σcoh denotes the stress in a cohesive element, and σcohn and σcohs 
are the normal and tangent stress, respectively; Kcoh denotes the stiffness 
matrix of a cohesive element; εcoh is the strain matrix of a cohesive 
element, and εcohn and εcohs represent respectively the normal and 
tangential strain, i.e., 

εcohn =
dn

T0
, εcohs =

ds

T0
(2)  

here dn and ds represent the normal and tangential displacement of a 
cohesive element, respectively, and T0 is the constitutive thickness of the 
cohesive element. 

The initiation of hydraulic fractures is controlled by the damage 
criterion of cohesive element. The maximum stress criterion adopted 
was 
{
〈σn〉

σ0
n

}2

+

{
σs

σ0
s

}2

= λ  

where σn and σs are the normal and tangential stresses respectively, σ0
n 

and σ0
s are the threshold stresses of normal and tangential damage, 〈⋅〉

indicates that cohesive elements resist tension stress only, and 1 ≤ λ ≤
1.05. A linear degradation criterion is used to describe the attenuation of 
elastic modulus of a cohesive element after damage (Dahi Taleghani 
et al., 2016) 

Ecoh = (1 − d)E0
coh (4)  

where E0
coh and Ecoh are the initial elastic modulus of cohesive element 

(without damage) and the elastic modulus after damage, respectively. 
Here, d denotes the stiffness degradation variable (SDEG), i.e., the 
damage factor, which can be calculated by (Dahi Taleghani et al., 2018) 

d =
δf

m

(
δmax

m − δ0
m

)

δmax
m

(
δf

m − δ0
m

)

where δmax
m , δ0

m and δf
m respectively represent the maximum displace-

ment of the cohesive element during loading, the displacement when the 
element is initially damaged, and the displacement when the element is 
completely damaged. 

Similar to the theoretical solution and the previous DEM simulation 
(Dontsov, 2017; Huang et al., 2019), only tangential flow along the 
cohesive elements is simulated in this paper. For a tangential flow, the 
fluid is assumed to be an incompressible Newtonian fluid. The volume 
flow per element length along the tangential direction is given by 

q =
w3

12μ∇p (6)  

where w is the thickness of cohesive element, μ is the viscous coefficient 
of fluid, and p is the fluid pressure in a cohesive element. 

2.3. Weibull distribution of rock elastic modulus 

Weibull distribution of rock elastic modulus is widely used to 
describe the heterogeneity of rock masses (Lei and Gao, 2018, 2019; Li 
et al., 2020; Yang et al., 2009), and is thus employed here to realize 
heterogeneous rock models. Assuming that the elastic modulus of 
various rock specimens from a reservoir is Eb, the elastic modulus of rock 
in a homogeneous model can be approximated by its mean value Eb. 
When the distribution characteristics of rock elastic modulus is consid-
ered, its probability density function following Weibull distribution is 
described by (Lei and Gao, 2018, 2019; Li et al., 2020; Yang et al., 2009) 

Fig. 7. Illustration of the four groups of models for examining the influence of 
element size lb (blue), shape parameter β (magenta), maximum far-field stress 
σH (red), and minimum far-field stress σh (green) on hydraulic fracture prop-
agation. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.) 
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f (Eb; β) =
β

Eb

(
Eb

Eb

)β− 1

exp

[

−

(
Eb

Eb

)β
]

(7)  

where β (β>0) is a shape parameter or material homogeneity index, and 
different β will result in different probability density curves. For 
example, when β = 1, it is an exponential distribution; when β = 2, it 
becomes a Rayleigh distribution. Generally, the smaller β is, the more 
heterogeneous the rock would be. Referring to the previous research (Lei 
and Gao, 2019), typical distribution functions of rock elastic modulus for 
β of 0.5, 1.0, 1.5, and 5.0 are selected in the present paper, which cover 
the conditions from highly heterogeneous to relatively homogeneous. 
The corresponding curves are plotted in Fig. 3. It is manifest that under 
these four types of Weibull distribution, their ranges of minimum values 
of rock elastic modulus are relatively close, while the maximum values 
could vary. With the increase of β, the maximum values of rock elastic 
modulus gradually decrease, while the probability of small elastic 
modulus gradually increases. This may mean that with the increase of β, 
the proportion of stiff rock blocks (large elastic modulus) decreases 
significantly. We realize the heterogeneous rock models by first gener-
ating a series of random numbers following a specific Weibull distri-
bution based on the number of elements meshed for a rock model, and 
then assign these values to each element accordingly. 

3. Numerical model calibration 

Before investigating the influence of heterogeneity on hydraulic 
fracturing, we first calibrate our FDEM models with the theoretical so-
lutions. This starts with a presentation of the theoretical solutions of the 
two control regimes we are going to compare with. Then, the details of 

the model are introduced, and the parameters adopted in the simulation 
are analyzed to demonstrate the rationality of our models. The com-
parison between the analytical solution and simulation results is shown 
at the end. 

3.1. Theoretical solutions 

The main theoretical solution related to hydraulic fracture propa-
gation can be originated to the Khristianovich–Geertsma–DeKlerk 
(KGD) model, which was first developed by Zheltov (1955) and 
Geertsma and De Klerk (1969). After extensive derivation, theoretical 
solutions under VDR and TDR (without fluid leak-off) are obtained by 
Dontsov (2017) and Zhang and Dontsov (2018), which overcome the 
limitations of the early theoretical solution. The basic material param-
eters in the theoretical solution are 

u′

= 12u (8)  

E′

=
E

1 − v2 (9)  

K ′

= 4
̅̅̅
2
π

√

KIC (10)  

and 

C′

= 2CL (11)  

where u is the Newtonian fluid viscosity, E is the rock elastic modulus, v 
is the Poisson’s ratio, KIC is the mode I fracture toughness of the rock, 
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Fig. 8. Simulation results of hydraulic fracturing in VDR for the three homogeneous models using different element sizes in terms of (a) fracture length versus 
injection time, (b) fracture aperture versus fracture position, (c) fluid pressure versus injection time, and (d) maximum fracture aperture versus injection time. 
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and CL is the Carter’s leak-off parameter (Nolte, 1986). 
In VDR, the fluid viscosity is the main factor affecting hydraulic 

fracture propagation (Dontsov, 2017); while in TDR, the rock fracture 
toughness becomes the main factor. Different control mechanisms are 
directly determined by the dimensionless time and the toughness 
parameter (Dontsov, 2017; Huang et al., 2019). The fracture aperture 
and fracture half-length evolution with respect to time in the theoretical 
solution of VDR can be respectively expressed as (Zhang and Dontsov, 
2018; Zhang et al., 2017) 

wm(ξ, t) = 1.1265
(

u′ Q3
0t2

E′

)1/6

(1 + ξ)0.588
(1 − ξ)2/3 (12) 

and 

lm(t) = 0.6159
(

Q3
0E′ t4

u′

)1/6

(13)  

where ξ (ξ = x/l) is the normalized coordinate along the fracture (x is 
the distance measured from the injection point, l is the fracture half- 
length). The subscript m represents the VDR, t denotes injection time, 
and Q0 is injection rate. The fracture aperture and fracture half-length 
evolution with respect to time in the theoretical solution of TDR can 
be respectively expressed as (Dontsov, 2017) 

wk(ξ, t) = 0.6828

(
(K ′

)
2Q0t

(E′
)

2

)1/3
(
1 − ξ2)1/2 (14) 

and 

lk(t) = 0.9324
(

E′Q0t
K ′

)2/3

(15)  

where the subscript k represents the TDR. 
The reasonable selection of parameters is key to the rationality of 

modeling results. In addition to the calibration with the theoretical so-
lutions, we have also checked our simulation results with the existing 
researches. To facilitate comparison with the previous similar research 
conducted using DEM (Huang et al., 2019), the mean rock elastic 
modulus, Poisson’s ratio, and far-field stress for the VDR and TDR are 
chosen to be the same, as are tabulated in Table 1. Additionally, our tests 
indicate that the rock fracture toughness in TDR used in the previous 
study is relatively small, so here a properly enlarged fracture toughness 
is used in the theoretical solution in TDR. Details of the fracture 
toughness selection in TDR is explained in Appendix B. 

3.2. Model setup 

The FDEM rock model used in the present analysis is of square shape 
with an edge length of 0.48 m, which is same as the one used in the 
previous DEM simulation (Huang et al., 2019). In our previous study 
(Wu et al., 2021), the differences between structured (symmetric) and 
unstructured (asymmetric) grids have been discussed. The results show 
that the hydraulic fractures under unstructured grid tend to be curved, 
while the hydraulic fractures under the influence of structured grid are 
mainly linear. Additionally, pure mode I fracture is generally assumed in 
the analytical solution model (Detournay, 2004; Dontsov, 2017; Dont-
sov and Peirce, 2015, 2016; Dontsov and Suarez-Rivera, 2020). To make 
the fracture mode of the simulation results closer to the analytical 

Fig. 9. Simulation results of hydraulic fracturing in VDR for the three heterogeneous models using different element sizes in terms of (a) fracture length versus 
injection time, (b) fracture aperture versus fracture position, (c) fluid pressure versus injection time, and (d) maximum fracture aperture versus injection time. 
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solution and to design a strict control group based on homogeneous 
model, structured quadrilateral elements, i.e., symmetric grids, are used 
here to mesh the rock specimen. A total of 40,000 elements are gener-
ated for the model with an element size of 2.4 mm. 

A series of rock elastic modulus values with specific distribution 
characteristics and their average value are used to establish the het-
erogeneous and homogeneous models, respectively. Under this condi-
tion, when β = 5 and the average elastic modulus is 29.5 GPa, the elastic 
modulus obtained by Eq. (7) is mainly distributed in the range of 0–60 
GPa. For demonstration purpose, a rock specimen consists of 10,000 
elements is shown in Fig. 4. The maximum far-field stress σH is acting 
vertically and the minimum far-field stress σh horizontally on the model 
edges. The injection point is placed at the center of the sample and two 
initially damaged cohesive elements near the injection point are created 
to facilitate model convergence. The basic simulation parameters in the 
simulation models are presented in Table 1. Please note that due to the 
differences between the theoretical solution, DEM, and FDEM, addi-
tional parameters have been set to make our models closer to reality. 
These additional parameters of rock elements were set according to 
previous studies. For example, the hydraulic fracturing reservoirs are 
usually with low porosity and low permeability (Dahi Taleghani et al., 
2018; Dahi Taleghani et al., 2016; Guo et al., 2015; Wu et al., 2020; Wu 
et al., 2018), thus the initial void ratio of rock is set to 0.001, and 1 mD is 
taken as the permeability value. The gravity of water is set to 9,800 N/ 
m3. In addition, it is known that the main challenge in using cohesive 
models lies in the appropriate selection of cohesive element parameters 
from experiments or theories (Dahi Taleghani et al., 2016). Therefore, 
extra theoretical formulas are used to verify the reliability of the addi-
tional parameters of cohesive elements chosen in the present paper, as is 

demonstrated next. 
In the analytical solution, pure mode I fracture is assumed. When the 

mode I fracture toughness of a rock specimen has been replaced by the 
constitutive parameters of cohesive element, the fracture energy of 
cohesive element can be calculated by (Schwalbe et al., 2013) 

Gc =

∫ δ
f
m

0
T(δ)dδ (16)  

where Gc is within a range of 10–10,000 N/m, T is the traction, and δ is 
the separation. In this paper, Gc of bilinear or triangular law can be 
simplified to (Dahi Taleghani et al., 2016) 

Gc =
1
2
Tmaxδf

m =
1
2γ

Tmaxδ0
m =

T2
max

2γKcoh
(17)  

where Tmax is the cohesive strength, and γ is the ratio between critical 
separation at damage initiation and at complete failure. In quasi-static 
state, the static stress intensity factor (SIF) of mode I fracture can be 
equal to that of the mode I fracture toughness (Dahi Taleghani et al., 
2018). Therefore, the evaluated fracture toughness for the cohesive 
energy calculated by Eq. (17) can be approximated by 

KIC =
̅̅̅̅̅̅̅̅̅̅
E′ Gc

√
=

̅̅̅̅̅̅̅̅̅̅̅̅̅
EGc

1 − v2

√

(18) 

Based on Eqs. (1)–(18), the fracture toughness between the theo-
retical solution and simulation under pure mode I can be readily 
compared. The cohesive strength in VDR is set to 6 MPa, which is close 
to the rock tensile strength of the regular model in previous DEM sim-
ulations (Huang et al., 2019). In TDR, the cohesive strength is set to 20 
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MPa, which is higher than that in VDR. The failure displacement in VDR 
and TDR is set to 1.0e-5 m to make sure that when the aperture of the 
cohesive element reaches such value, the cohesive element is completely 
damaged. Then, the cohesive energy and the estimated fracture tough-
ness can be calculated by Eqs. (1)–(18). The cohesive energies in VDR 
and TDR are chosen to be 30 N/m and 100 N/m, respectively, which are 
consistent with the general range of rock fracture energy (10–10,000 N/ 
m). In addition, the estimated fracture toughness in VDR and TDR is 
0.98 MPa⋅m0.5 and 1.80 MPa⋅m0.5, respectively. Compared with the 
fracture toughness applied in the theoretical solutions (Table 1), the 
estimated fracture toughness in VDR is a slightly higher than that in the 
theoretical solution, while the estimated fracture toughness in TDR is 
much lower than that in the theoretical solution. These indicate that the 
additional parameters of the cohesive elements selected are reasonable. 
Meanwhile, the above results indicate that the conversion of dynamic 
fracture toughness by static SIF can infer the reasonable range of pa-
rameters in traction separation criterion to a certain extent, but it is not 
enough to determine the accurate values of each parameter. In addition, 
according to the Rice’s element size evaluation equation (lc = 9π

32
EGIC

σ2
t

) 
(Palmer et al., 1973; Tabiei and Zhang, 2017) and based on the pa-
rameters used in the current simulations, the maximum allowed element 
size in VDR and TDR are respectively 21.72 mm and 6.52 mm. The 
cohesive element sizes used in the current paper, i.e., 2.4 mm, 1.6 mm, 
1.2 mm, are all within the reasonable range. Therefore, we believe our 
simulation could generate reliable results. 

3.3. Calibration results 

The final stress nephograms for the simulation models in VDR (at 0.1 

s) and TDR (at 9 s) are shown in Fig. 5. Please note that due to the small 
aperture of hydraulic fracture (0–0.12 mm), the aperture shown in the 
stress nephograms is magnified by 100 times for better visualization. It 
can be seen from Fig. 5 that the range of stress distribution in VDR is 
obviously larger than that in TDR, that is, the hydraulic fracture prop-
agation in VDR is more severe than that in TDR. In addition, the final 
hydraulic fracture morphologies formed in the two regimes are both 
similar to the elliptical shape in the theoretical KGD model (Dontsov and 
Peirce, 2015). When the simulation is finished, the fracture length, the 
maximum fracture aperture, and the relationship between the fracture 
position and the fracture aperture are obtained to describe the final 
fracture morphology. 

The comparison between the theoretical solutions and the simulation 
results (homogeneous model) in terms of the variation of hydraulic 
fracture length and the final fracture morphology (the fracture aperture 
versus fracture position) in the two regimes are respectively shown in 
Fig. 6. Fig. 6a & b show a decent match between the simulation results 
and the theoretical solution in terms of the fracture length evolution 
with respect to time and the final fracture aperture with respect to 
location. The results demonstrate the reliability of the FDEM model and 
the rationality of parameter selection in VDR. In Fig. 6c and d, again, the 
negligible difference between the theoretical solution and the simula-
tion results demonstrates the model effectiveness in TDR. 

4. Simulation results and discussions 

The calibration presented above verifies the applicability and reli-
ability of our numerical model. As we mentioned earlier, in addition to 
the rock elastic modulus (controlled by the shape parameter β), other 
three possible influencing factors such as the element size lb, and the 
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maximum (σH) and minimum (σh) far-field stress may also affect the 
hydraulic fracture propagation. In the present analysis, we mainly 
consider these four influencing factors, and have designed four corre-
sponding groups of rock models to thoroughly investigate their influ-
ence on hydraulic fracturing. The combination of these parameters in 
the four model groups is carefully chosen and sketched in Fig. 7. Please 
note that the origin (black marker in Fig. 7) represents the initial model 
parameter setting used for the heterogeneous model, i.e., the shape 
parameter β is 5.0, the element size lb is 2.4 mm, the maximum far-field 
stress σH is 15 MPa, and the minimum far-field stress σh is 10 MPa. It is 
worth mentioning that the simulated homogeneous model used in Sec-
tion 3.3 is based on the initial model here. 

4.1. Influence of element size 

To reveal the influence of element size on hydraulic fracturing, three 
homogeneous and three heterogeneous rock specimens with element 
sizes of 2.4 mm, 1.6 mm, and 1.2 mm are first prepared (corresponding 
to the model group shown in blue in Fig. 7). Other parameters are 
consistent with the initial model (black marker in Fig. 7). The simulation 
results of these homogeneous and heterogeneous models under the two 
propagation regimes (i.e., VDR and TDR) are shown in Figs. 8–11. 

Fig. 8 presents the simulation results in VDR for the three homoge-
neous models using different element sizes. It can be seen from Fig. 8 
that with the decrease of element size, the fracture length witnesses a 
slight increase (Fig. 8a), while the fracture aperture decreases (Fig. 8b 
and d). Meanwhile, the breakdown pressure and propagation pressure 
seem to have a downward trend. This result indicates that the smaller 
the element size is, the faster the hydraulic fracture propagates forward 
(Fig. 8a). Meanwhile, it should be noted that the influence of element 

size on hydraulic fracturing in the homogeneous model in VDR is not 
obvious. The simulation results in VDR for the three heterogeneous 
models using different element sizes are shown in Fig. 9. In addition to 
the slightly observable effect on the breakdown pressure, the influence 
of element size on the variations of fracture length, fracture aperture, 
and final fracture morphology seems negligible. This may be due to the 
distribution characteristics of rock elastic modulus, which reduces the 
influence of element size on hydraulic fracture propagation in VDR. 
Therefore, it seems acceptable to adopt different element sizes (2.4 mm, 
1.6 mm, and 1.2 mm) for both homogeneous and heterogeneous models 
in VDR. 

Fig. 10 and Fig. 11 show the simulation results of hydraulic frac-
turing in TDR for the three homogeneous and three heterogeneous 
models respectively using different element size. In Fig. 10, with the 
reduction of element size, the fracture length increases, while the 
propagation pressure and the maximum fracture aperture decrease. 
Meanwhile, it seems that the breakdown pressure is rarely affected by 
the element size. Besides, Fig. 10 show that the results of the hydraulic 
fracturing in the homogeneous rock specimens with element size of 1.6 
mm and 1.2 mm are relatively close when compared with the model 
with element size of 2.4 mm. Theoretically, the smaller the element size 
of the numerical simulation model, the more accurate numerical solu-
tion can be obtained. Therefore, the homogeneous rock specimens with 
element sizes of 1.6 mm and 1.2 mm seem better than that of 2.4 mm in 
hydraulic fracturing simulation of the homogeneous reservoir in TDR. 
However, due to the computational expense, appropriate element size is 
usually selected instead of the minimum element size. Additionally, in 
the heterogeneous model in TDR (Fig. 11), with the reduction of element 
size, the effect of element size on fracture length is less obvious 
(Fig. 11a), while the fluid pressure and maximum fracture aperture 
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show a slightly decreasing trend (Fig. 11c & d). Please note that the final 
fracture morphology in the heterogeneous model in TDR is quite 
different for the models with different element size (Fig. 11b). There-
fore, the optimal element size cannot be determined only by the final 
fracture morphology in the heterogeneous model in TDR. 

Comparing Fig. 8 with Fig. 10, although the influence trend of 
element size on hydraulic fracturing is generally the same, such influ-
ence in TDR is more obvious than that in VDR. Likewise, comparing 
Fig. 9 with Fig. 11, a similar phenomenon can be found. Additionally, 
the final fracture morphology in heterogeneous models in TDR shows 
obvious asymmetric propagation (Fig. 11b). However, this has not been 
observed in VDR (Fig. 9b). The results indicate that the influence of 
element size in TDR is more significant than that in VDR, which implies 
that the hydraulic fracture propagation in TDR is more susceptible to 
element size. This may be caused by the high injection rate in VDR, and 
thus at the very beginning of fluid injection, the rocks, especially in 
places away from the injection point, do not have enough time to 
response and therefore are less deformed. As a result, the influence of 
rock heterogeneity (here mainly controlled by the element size since the 
heterogeneous rock elastic modulus are assigned in an element-based 
manner) on the hydraulic fracture propagation in VDR is less apparent 
than that in TDR. However, as the injection continues, the influence of 
element size on hydraulic fracture propagation gradually increases. 

4.2. Influence of Weibull distribution type 

To further investigate the influence of material heterogeneity on 
hydraulic fracture propagation, four typical Weibull distributions with 
shape parameters β (i.e. the material homogeneity index) of 0.5, 1.0, 1.5, 
and 5.0 are used to established heterogeneous rock models with their 
rock elastic modulus following different Weibull distribution types 
(corresponding to the model group shown in magenta in Fig. 7). Other 
parameters such as the element size and far-field stress are consistent 
with the initial model (black marker in Fig. 7). In addition, the results of 
the homogeneous model (Section 3.3) are also presented in the 
following comparison. The results of the models in VDR and TDR are 
respectively presented in Fig. 12 and Fig. 13. 

Both Fig. 12 and Fig. 13 manifest that the Weibull distribution type 
of rock elastic modulus has a significant impact on hydraulic fracture 
propagation in both fracturing control regimes. As shown in Fig. 12, in 
VDR, for the heterogeneous model with β = 5.0, the variations of frac-
ture length, fluid pressure, and maximum fracture aperture are close to 
these in the homogeneous model. While with the decrease of material 
homogeneity index β (i.e., the increase of rock heterogeneity), the 
variation of fluid pressure in the heterogeneous models seems more 
deviated from the homogeneous model (Fig. 12c). We can also observe 
in Fig. 12c that for the model with shape parameter β = 1.5 the break-
down pressure could reach over 90 MPa, although the minimum far field 
stress is merely 10 MPa. This is not uncommon in previous research. For 
example, in the previous DEM simulation (Huang et al., 2019), when 
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multiple randomly arranged particle specimens are used, the breakdown 
pressure varies in the range from 60 to 80 MPa. Thus, we speculate that 
this phenomenon may be caused by the influence of rock elastic modulus 
distribution, which further enhance the breakdown pressure. 

Afterward, the fluid pressure keeps rising, and the propagation 
pressure for homogeneous model and the heterogeneous model with 
shape parameters β = 1.5 reach ~ 60 MPa (Fig. 12c). A similar phe-
nomenon can be found in a previous true triaxial fracturing experiments 
(Deng et al., 2018a; Deng et al., 2018b). This may be caused by the short 
fracturing time (0.1 s in the current VDR analysis), which is possible to 
result in a much greater fluid injection rate than the absorption capacity. 
Additionally, with the decrease of material homogeneity index β, the 
propagation pressure in VDR decreases. This could be caused by the fact 
that the hydraulic fractures may be more prone to propagate along the 
direction of weak deformation resistance of rock and thus causes a 
decreasing propagation pressure. However, when the material homo-
geneity index β increases, no specific increase or decrease trend of the 
fracture length, the final fracture morphology and the maximum frac-
ture aperture in VDR has been observed (Fig. 12a, b, and d). This in-
dicates a certain randomness in the hydraulic fracture propagation 
under the influence of heterogeneity. 

In Fig. 13, similarly, the results of the heterogeneous model with β =

5.0 is very close to the homogeneous model. The changing trend of the 
propagation pressure with respect to the homogeneity index β in TDR is 
not obvious (Fig. 13c). However, with the decrease of β, the fracture 
length has a significant decline in TDR (Fig. 13a). While the maximum 
fracture aperture in TDR has a significant increase (Fig. 13d). These 
results denotes that the influencing degree of material homogeneity on 
hydraulic fracturing in different regimes is different. For VDR with high 

injection rate and short injection duration, the stress change caused by 
fluid injection can also be affected by the stiff rock elements even at the 
beginning of injection. However, also due to the short injection duration 
in VDR, the hydraulic fracture opening mainly just affects the near-field 
stress redistribution. On the contrary, the hydraulic fracturing in TDR 
can influence both the near-field and far-field stress redistributions. As a 
result, we can observe an obvious trend regarding the influence of the 
material homogeneity index β on fluid pressure in VDR, while such in-
fluence in TDR is chaotic. In addition, a distinct trend of the influence of 
material homogeneity index β on the evolution of fracture length and 
maximum fracture aperture in TDR can be observed. 

The displacement of hydraulic fracture position and asymmetrical 
propagation also appear in Fig. 12b. It is worth mentioning that no clear 
trend has been found for the influence of material homogeneity index β 
on the final fracture morphology, except for models in VDR with β = 0.5 
and 5.0 (Fig. 12b) in which the final hydraulic fracture morphology is 
apparently different from those with β = 1.0 and 1.5. Interestingly, in 
VDR, the final fracture morphology of β = 1.0 seems close to that of β =
1.5, while the hydraulic fracture length, fracture aperture, and fluid 
pressure have obvious differences. This phenomenon can also be 
observed in TDR (Fig. 13). In addition, when β = 0.5, 1.5 and 5.0 in TDR, 
the position of the maximum fracture aperture does not occur near the 
injection point, which can be observed in Fig. 13b. Therefore, we 
speculate that the heterogeneous models with β = 1.0 and 1.5 may have 
similar mechanical properties. However, the current characterization 
parameter (the material homogeneity index β) may not be able to fully 
capture the factor that affects the hydraulic fracturing in heterogeneous 
rocks. Therefore, a clear relationship between the heterogeneity char-
acterization parameters (e.g., the material homogeneity index β) and the 
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hydraulic fracturing effect evaluation parameters (fracture length, 
maximum fracture aperture, fluid pressure, and the final fracture 
morphology) has not been found. Based on the above analysis, it is 
necessary to further study the influence of the proportion of soft rock 
elements to stiff rock elements on the results for heterogeneous models. 

4.3. Influence of far-field stress 

The far-field stress condition (i.e., boundary loadings) has not been 
considered in the formula of propagation regimes (Dontsov, 2017; 
Huang et al., 2019; Zhang and Dontsov, 2018); however, it plays an 
important role in hydraulic fracturing. Similar to the previous research 
(Huang et al., 2019), the maximum far-field stress used here is first 
increased from 15 MPa to 25 MPa (corresponding to the model group 
shown in red in Fig. 7), then the minimum far-field stress is increased 
from 10 MPa to 20 MPa (corresponding to the model group shown in 
green in Fig. 7). Other parameters such as the element size are consistent 
with the initial model (black marker in Fig. 7). We first present the re-
sults of both the homogeneous and heterogeneous models in VDR, and 
then followed by the models in TDR. 

For the homogeneous models in VDR (Fig. 14), when maintaining a 
constant maximum far-field stress (i.e., σH = 25 MPa), with the in-
crease of minimum far-field stress, the breakdown pressure increases 
from 71.21 and 72.18 to 74.94 MPa (Fig. 14c). While when keeping the 
minimum far-field stress constant (i.e., σh = 10 MPa) and increasing 
the maximum far-field stress from 15 to 25 MPa, the breakdown pres-
sure has no apparent change, i.e., changing from about 71.202 and 
71.205 to 71.208 MPa (Fig. 14c). This indicates that the breakdown 
pressure during fracturing may be more susceptible to the minimum far- 

field stress than the maximum far-field stress, which is consistent with 
the previous researches (Ju et al., 2016; Peng et al., 2017). Additionally, 
in Fig. 14a, b, and d, the results show that both the maximum and 
minimum far-field stresses have no distinct effect on the evolution of 
hydraulic fracture morphology (fracture length, maximum fracture 
aperture, and the final fracture morphology). 

When the material heterogeneity is considered, with the increase of 
minimum far-field stress (the maximum far-field stress is maintained 
constant), the fracture length reduces (Fig. 15a), while the maximum 
fracture aperture display the opposite trend (Fig. 15d). The change of 
breakdown pressure in terms of minimum and maximum far-field stress 
shown in Fig. 15c is similar to the results of the homogeneous models in 
VDR in Fig. 14c. Afterward, the fluid pressure for 20–25 MPa in VDR 
rises above the breakdown pressure (Fig. 14c and Fig. 15c), while it does 
not occur in TDR (Fig. 16c and Fig. 17c) and other far-field stress con-
ditions. Therefore, we speculate that this may be due to high far-field 
stress and a large amount of fluid injection in a short time. Compared 
with Fig. 14a, c, and d, the results denote that the influence of far-field 
stress on the homogeneous and heterogeneous models in VDR is 
different. Generally, the fluid pressure increases with the increasing 
minimum far-field stress for both the homogeneous and heterogeneous 
models in VDR, which means that the far-field stress is also an important 
factor for hydraulic fracturing. However, in homogeneous model, the 
influence of the minimum far-field stress on the fracture length, the 
maximum fracture aperture, and the final fracture morphology is 
negligible; while its effect in heterogeneous model cannot be simply 
ignored. The results indicate that under the influence of rock hetero-
geneity, the effect of far-field stress on hydraulic fracturing of reservoir 
rock will also vary. Therefore, it is necessary to comprehensively 
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consider the influence of far-field stress and heterogeneous character-
istics in hydraulic fracturing simulations. 

Fig. 16 and Fig. 17 depict the simulation results of hydraulic frac-
turing in homogeneous and heterogeneous model respectively for the 
various far-field stress combinations in TDR. When the maximum far- 
field stress is constant, the fluid pressure increases with the increasing 
minimum far-field stress, which is consistent with the previous models 
in TDR. For the homogeneous models in TDR, with the increasing 
minimum far-field stress, the fracture length decreases, while the frac-
ture aperture increases. While for the heterogeneous models in TDR, 
these changing trends have obvious fluctuations, which has not been 
found in VDR. These results denote that the influence of far-field stress 
on fluid pressure and fracture morphology evolution in homogeneous 
and heterogeneous models under different propagation regimes is 
different. Generally, hydraulic fracture propagation in TDR is more 
susceptible to far-field stress than that in VDR, and hydraulic fracture 
propagation is more susceptible to the minimum far-field stress than the 
maximum far-field stress. 

5. Conclusions 

This paper discusses the influence of rock heterogeneity on hydraulic 
fracture propagation under both VDR and TDR using two-dimensional 
FDEM. Both the homogeneous model using a universal rock elastic 
modulus and the heterogeneous model using the Weibull-distributed 
rock elastic modulus are realized. The variability of fluid pressure, 
fracture length, maximum fracture aperture, and the final fracture 
morphology is evaluated. 

The results in Sections 3 validate the reliability and accuracy of our 

simulation models and the rationality of model parameters. Meanwhile, 
the parameter analysis shows that the previous theoretical equations can 
be used as a preliminary evaluation of the simulation parameters, but 
still needs further improvement. The “jump” phenomenon has been 
observed in TDR caused by high fracture toughness, and asymmetrical 
dynamic propagation affected by rock heterogeneity appears in TDR. 
However, this phenomenon is not obvious in VDR. Therefore, the hy-
draulic fracture propagation in TDR is more susceptible to the influence 
of rock heterogeneity than that in VDR. Similar conclusions have been 
found in the subsequent parametric analysis. 

The hydraulic fracture propagation in TDR is more sensitive to 
element size than that in VDR. Meanwhile, under the influence of rock 
heterogeneity, the effect of element size on hydraulic fracture propa-
gation in different control mechanisms is different. In VDR, the het-
erogeneity reduces the effect of element size on hydraulic fracture 
propagation; while in TDR, the heterogeneity increases the uncertainty 
of the influence of element size. The distribution type of rock elastic 
modulus has a significant impact on the hydraulic fracture propagation 
in both control regimes. Common characteristics and fluctuations have 
been found in the hydraulic fracturing effect of rocks under different 
Weibull distribution types. When β = 0.5 in TDR, the position of the 
maximum fracture aperture deviates away from the injection point. 
Hydraulic fracture propagation in TDR is more vulnerable to the far- 
field stress than that in VDR, and the influence of minimum far-field 
stress on hydraulic fracture propagation is more significant than the 
maximum far-field stress. Furthermore, the stronger the rock heteroge-
neity is, the more obvious the influence would be. Additionally, the 
minimum far-field stress has slightly effect on fracture length and 
maximum fracture aperture; however, its influence on fluid pressure is 

Fig. 16. Simulation results of hydraulic fracturing in homogeneous model for different minimum and maximum far-field stress combinations in TDR in terms of (a) 
fracture length versus injection time, (b) fracture aperture versus fracture position, (c) fluid pressure versus injection time, and (d) maximum fracture aperture versus 
injection time. 
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significant. 
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Appendix A. . Coupled deformation-diffusion phenomena 

The fluid diffusion in porous media obeys the Darcy’s law (Wang, 2019) 

qm = −
k
μ∇pm (A.1)  

where k represents the permeability tensor, qm is the fluid flux velocity vector in the porous media, and pm represents the pore pressure in the for-
mation. In fluid-filled porous media, the total stresses, σi,j, are related to the effective stresses, σ′

i,j, by (Biot, 1941) 

σi,j = σ′

i,j +αpm (A.2)  

where pm is the pore pressure in the formation, and α is the poroelastic constant assumed to be 1 based on a previous study (Wang, 2016). Then, the 
equilibrium equation of poroelasticity in the form of the virtual work principle for the volume under its current deformation at time t can be written as 
(Wang, 2016) 
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Fig. 17. Simulation results of hydraulic fracturing in heterogeneous model for different minimum and maximum far-field stress combinations in TDR in terms of (a) 
fracture length versus injection time, (b) fracture aperture versus fracture position, (c) fluid pressure versus injection time, and (d) maximum fracture aperture versus 
injection time. 
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∫

V
(σ′

+ pmI) : δεdV =

∫

s
tδvdS+

∫

V
fδvdV (A.3) 

where σ′ is the effective stress, I is the identity matrix, t and f are the surface traction per unit area and body force per unit volume, respectively, δ 
denotes the virtual component, δε is the virtual rate of deformation; and δv is the virtual displacement. The porous medium is thus modeled by 
attaching the finite element mesh to the solid phase, which allows the liquid to flow through. A continuity equation is required for the fluid, equating 
the rate of increase in fluid volume stored at a point to the rate of volume of fluid flowing into the point within the time increment (Wang, 2019): 

d
dt

(∫

V
ρf ϕdV

)

+

∫

S
ρf ϕnqmdS = 0 (A.4)  

where ρf and ϕ are the density of the fluid and porosity of the porous media, respectively, and n is the outward normal to surface S. 
Because the fracture propagation simulation has the characteristics of strong nonlinearity and convergence difficulty, the simulation results in this 

paper are obtained by Newton iterative calculation. The time step will automatically increase or decrease according to the convergence criterion. It not 
only saves the calculation time, but also ensures the accuracy of the simulation results. 

Appendix B. . Parameter selection in TDR 

It was mentioned in previous DEM simulation studies (Huang et al., 2019) that the KIC in the theoretical solution used to compare the simulation 
model results in TDR increases from 1.63 MPa⋅m0.5 to 2.10 MPa⋅m0.5. Therefore, two simulation models are tested to pre-evaluate the characteristics of 
hydraulic fracture propagation in TDR. The main parameters of cohesive element in the first simulation test are determined as follows. The cohesive 
strength is 12 MPa; the failure displacement is 1e-5 m; the fluid leak-off is ignored. Based on Eqs. (1)–(18), the cohesive energy is 60 N/m and the 
estimated fracture toughness is 1.39 MPa⋅m0.5. The fracture toughness in the theoretical solution is 1.63 MPa⋅m0.5. Meanwhile, the cohesive strength is 
close to the macro tensile strength of 13 MPa in the previous DEM simulations (Huang et al., 2019), and the cohesive energy is within the range of 
10–10,000 N/m. The simulation results are shown in Fig. B.1. In the second simulation test, only the cohesive strength is changed to 85 MPa. Based on 
Eqs. (1)–(18), the cohesive energy is 425 N/m and the estimated fracture toughness is 3.7 MPa⋅m0.5. The cohesive energy is close to the parameter 

Fig. B1. The first simulation test results. Comparison between the theoretical solution and the numerical solution in terms of (a) fracture length versus injection time, 
(b) fracture aperture versus fracture position, and the simulation results of the homogeneous heterogeneous model in terms of (c) fluid pressure of inject point versus 
injection time, and (d) maximum fracture aperture versus injection time. 
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range in the previous simulations (Dahi Taleghani et al., 2018; Dahi Taleghani et al., 2016), while the cohesive strength is higher than the general rock 
macro tensile strength. Meanwhile, the KIC in the theoretical solution is 7.42 MPa⋅m0.5 (log10(Km) is approximately 1.53, thus it belongs to TDR), 
which is much higher than the general rock fracture toughness. The simulation results are shown in Fig. B.2. 

The comparison between the homogeneous model and the analytical solution demonstrates the reliability of the simulation models. In Fig. B.1, the 
variation of hydraulic fracture length, fluid pressure, and the maximum fracture aperture are close to smooth curves. In Fig. B.2, the variation of 
hydraulic fracture length, fluid pressure, and maximum fracture aperture is tortuous. These results indicate that the results of the second test have 
greater fluctuation than those of the first test. Generally, these fluctuations can be considered to be caused by the unstable propagation of fractures 
(Wong et al., 2014), which leads to the change of fracture energy required for each time the fracture propagates forward. Meanwhile, similar to the 
force–displacement curve, the fluid pressure curve in the process of hydraulic fracture propagation has also become tortuous. This phenomenon was 
defined as a “jump” phenomenon in previous studies (Dong et al., 2021; Liu et al., 2020). It should be noted that the theoretical solution parameters in 
Fig. B.2 are obtained by actual derivation. Therefore, the fracture morphology evolution parameters and fluid pressure in Fig. B.2a, c, and d indicate 
that the hydraulic fracture propagation in TDR may has obvious “jump” phenomena (Dong et al., 2021; Liu et al., 2020). However, the cohesive 
strength and estimated fracture toughness in the second simulation test is much higher than the general scope, so 3.6 MPa⋅m0.5 (within 1.63–7.42 
MPa⋅m0.5, and Km is 16.4) is selected as cohesive strength for TDR. 
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