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Ray tracing codes are useful to study the electromagnetic wave propagation and absorption in the

geometrical optics approximation. In magnetized fusion plasma community, most ray tracing codes

assume the plasma density and temperature be functions of the magnetic flux and study waves only

inside the last closed flux surface, which are sufficient for the present day tokamak. However, they are

difficult to be used for configurations with open magnetic field line plasmas, such as mirror machine

and field-reversed-configuration (FRC). We develop a ray tracing code in cylindrical coordinates (r, φ, z)

to support arbitrary axisymmetric configurations with both closed and open field lines plasmas. For

wave propagation, the cold plasma dispersion relation is usually sufficient, and we require the magnetic

field B(r, z) and species densities ns0(r, z) profiles as input. For wave absorption, we require a further

temperature T s0(r, z) profile to solve a hot kinetic plasma dispersion relation. In difference to other ray

tracing codes which calculate the imaginary part of wave vector k⊥,i for wave absorption, we calculate

the imaginary part of wave frequency ωi , which is shown to be equivalent with the former technique

under weak damping approximation. The code can use either numerical or analytical equilibrium.

Examples and benchmarks with electron cyclotron wave, lower hybrid wave and ion cyclotron wave for

tokamak, spherical tokamak (ST), FRC and mirror machine are shown.

Program summary

Program Title: BORAY

CPC Library link to program files: https://doi.org/10.17632/tnkrjdbcz8.1

Code Ocean capsule: https://codeocean.com/capsule/6205646

Licensing provisions: BSD 3-clause

Programming language: Matlab

Nature of problem: Solve the plasmas electromagnetic wave propagation and absorption in the geometrical

optics approximation for magnetized plasmas based on ray tracing of plasma dispersion relation. In

axisymmetric (r, z) coordinates, the code can be used for both closed and open field lines plasmas of

various configurations such as tokamak, spherical tokamak, FRC and mirror machine.

Solution method: Runge-Kutta time integral to solve ray tracing equations for wave propagation, and

integral the imaginary part of the wave frequency in hot kinetic dispersion relation for wave absorption.

Additional comments including restrictions and unusual features: Kinetic relativistic effects and collisional

damping are not included in the present version yet. Only axisymmetric two-dimensional (2D) profiles

are support in present version.

 2022 Elsevier B.V. All rights reserved.

✩ The review of this paper was arranged by Prof. W. Walker.
✩✩ This paper and its associated computer program are available via the Computer

Physics Communications homepage on ScienceDirect (http://www.sciencedirect.

com/science/journal/00104655).

E-mail addresses: huashengxie@gmail.com, xiehuasheng@enn.cn (H.-s. Xie).

1. Introduction

In magnetic confinement plasmas, wave heating is one of the

most important approach to heating the plasma to high temper-

ature (>10 keV). The usually used waves from high frequency

(∼100 GHz) to low frequency (<1 MHz) include electron cyclotron

https://doi.org/10.1016/j.cpc.2022.108363

0010-4655/ 2022 Elsevier B.V. All rights reserved.
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wave (ECW), lower hybrid wave (LHW), ion cyclotron wave (ICW)

and Alfvén wave (AW). There are also terminologies such as fast

wave (FW), slow wave (SW), helicon wave, etc. A simple but still

accurate way to study the wave propagation and heating is using

the geometrical optics approximation, which yields the ray tracing

equations.

The ray tracing equations in Cartesian coordinates are

dr

dt
=
∂ω

∂k
= −

∂D/∂k

∂D/∂ω
= v g, (1)

dk

dt
= −

∂ω

∂r
=
∂D/∂r

∂D/∂ω
, (2)

with the dispersion relation

D(ω,k, r)= 0, (3)

where ray position r = (x, y, z) and wave vector k = (kx,ky,kz).

Here, ω is wave frequency, and v g is wave group velocity. The

geometrical optics approximation is valid in cases where the wave

length is much smaller than the system nonuniform length, which

is usually well satisfied for high frequency waves such as ECW and

LHW, but should be used with caution for low frequency waves

such as ICW and AW.

Several widely used ray tracing codes are available in magnetic

confinement fusion community, such as GENRAY [4], TORAY [6],

C3PO [5], CURRAY [8] and TASK/WR [10]. However, most of them

are developed for tokamak and use single fluid magnetohydro-

dynamics (MHD) equilibrium, thus the density and temperature

profiles are set to be magnetic flux functions, and the open field

line region is either omitted or simplified. The assumption that the

density and temperature profiles be flux functions is helpful to ob-

tain the flux average power absorption and to calculate the driven

current. These treatments can be useful and sufficient for studying

the present day tokamak. However, they can not be used to the

configurations with open field line plasmas or when the density

and temperature are not magnetic flux functions. There are also

codes for some special cases such as RAYS [7] (which is later up-

dated to TORAY) for mirror configuration and FRTC [9] for LHW. In

Ref. [15], a simplified model is used to study the ECRH in mirror.

Thus the need for relaxing these restrictions in order to make a

code applicable for all situations has motivated our present work.

The present work is an extended version of the fluid and kinetic

plasma dispersion relation solver BO code [1–3].

2. Equations to solve

In this work, we use cylindrical coordinates (r, φ, z). The wave

vector variables are chosen as (kr,nφ = rkφ,kz). The coordinate

relations are x = r cosφ, y = r sinφ, kx = kr cosφ − nφ
r
sinφ and

ky = kr sinφ + nφ
r
cosφ. Note that the canonical coordinate for φ

is nφ , not kφ . If we use kφ as a coordinate, the ray tracing equation

expressions would be more complicated, cf., Ref. [11].

2.1. Ray tracing equations in cylindrical coordinates

Performing the coordinate transformation from (x, y, z,kx,ky,

kz) to (r, φ, z,kr,nφ,kz), we can have

dr

dτ
=
∂D

∂kr
,
dφ

dτ
=
∂D

∂nφ
,
dz

dτ
=
∂D

∂kz
, (4)

dkr

dτ
= −

∂D

∂r
,
dnφ

dτ
= −

∂D

∂φ
,
dkz

dτ
= −

∂D

∂z
, (5)

with

dt

dτ
= −

∂D

∂ω
, (6)

Usually, the dispersion relation (3) is written as D = D(ω,k‖,k
2
⊥)=

0. Here, the parallel wave vector k‖ = k · b = 1
B

(

krBr + kzB z +
nφ
r
Bφ

)

is defined from the magnetic field B , and k2⊥ = k2 − k2‖ ,

B = B(r, z)=
√

B2
r + B2

z + B2
φ , k

2 = k2r + k2z +
n2φ

r2
.

We consider axisymmetric configurations, i.e., ∂D
∂φ

= 0. We need

to calculate the ray tracing equation from (r, φ, z,kr,nφ,kz) to

(r, φ, z,k2‖,k
2
⊥,α) with ∂D

∂α = 0, where α is the angle relevant to

two perpendicular wave vectors and can be omitted here since the

cold and hot dispersion relations D used in the present work are

function of k‖ and k⊥ but not α. We obtain

∂D

∂kr

∣

∣

∣

r,φ,z,nφ ,kz
= 2

( ∂D

∂k2‖
−
∂D

∂k2⊥

)

k‖
Br

B
+ 2

∂D

∂k2⊥
kr, (7)

∂D

∂nφ

∣

∣

∣

r,φ,z,kr ,kz
= 2

( ∂D

∂k2‖
−
∂D

∂k2⊥

)

k‖
Bφ

rB
+ 2

∂D

∂k2⊥

nφ

r2
, (8)

∂D

∂kz

∣

∣

∣

r,φ,z,kr ,nφ
= 2

( ∂D

∂k2‖
−
∂D

∂k2⊥

)

k‖
Bz

B
+ 2

∂D

∂k2⊥
kz, (9)

∂D

∂r

∣

∣

∣

φ,z,k2‖,k
2
⊥,α

=
∂D

∂r

∣

∣

∣

φ,z,kr ,nφ ,kz

+ 2
( ∂D

∂k2‖
−
∂D

∂k2⊥

)

k‖
∂k‖
∂r

− 2
∂D

∂k2⊥

n3φ

r3
(10)

∂D

∂φ

∣

∣

∣

r,z,kr ,nφ ,kz
= 0, (11)

∂D

∂z

∣

∣

∣

r,φ,kr ,nφ ,kz
=
∂D

∂r

∣

∣

∣

φ,z,k2‖,k
2
⊥,α

+ 2
( ∂D

∂k2‖
−
∂D

∂k2⊥

)

k‖
∂k‖
∂z
, (12)

where

∂k‖
∂r

= −
k‖
B

∂B

∂r
+

1

B

(

kr
∂Br

∂r
+ kz

∂Bz

∂r
+

nφ

r

∂Bφ

∂r
−

Bφnφ

r2

)

, (13)

∂k‖
∂z

= −
k‖
B

∂B

∂z
+

1

B

(

kr
∂Br

∂z
+ kz

∂Bz

∂z
+

nφ

r

∂Bφ

∂z

)

. (14)

2.2. Ray tracing equations for cold plasma dispersion relation

The cold plasma dispersion relation is

F (ω,k2‖,k
2
⊥)= ε1

k4⊥c4

ω4
−

[

(ε1 + ε3)
(

ε1 −
k2‖c

2

ω2

)

− ε22
]

k2⊥c2

ω2
+ ε3

[(

ε1 −
k2‖c

2

ω2

)2

− ε22
]

= 0, (15)

where

ε1 = 1−
∑

s

ω2
ps

ω2 −ω2
cs

, ε2 =
∑

s

ωcs

ω

ω2
ps

ω2 −ω2
cs

,

ε3 = 1−
∑

s

ω2
ps

ω2
, (16)

n =
kc

ω
, ωcs =

qsB

ms

, ωps =

√

ns0q
2
s

ǫ0ms

, c =
1

√
µ0ǫ0

. (17)

The derivatives for F can be readily written out explicit, i.e., ∂ F

∂k2‖
,

∂ F

∂k2⊥
, ∂ F
∂r

∣

∣

∣

φ,z,k2‖,k
2
⊥,α

, ∂ F
∂z

∣

∣

∣

r,φ,k2‖,k
2
⊥,α

and ∂ F
∂ω , which are not shown

here.

We need the 2D equilibrium profiles Br(r, z), B z(r, z), Bφ(r, z),

B(r, z), ns0(r, z) and their first order derivate ∂/∂r and ∂/∂z.

2
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We should note that the cold plasma dispersion relation

Eq. (15) is singular at cyclotron resonant position of species

s = a, say, if ω ≃ ωc,s=a . This singularity is first order to Ya =
1 −ω2

c,s=a/ω
2 , thus we can multiple Eq. (15) to define a new dis-

persion relation G(ω,k2‖,k
2
⊥)= Ya F (ω,k

2
‖,k

2
⊥) in the code, which is

similar to the treatment in GENRAY [4]. One should also be careful

that we do not use G(n)(ω,k2‖,k
2
⊥)= Y n

a F (ω,k
2
‖,k

2
⊥) (n ≥ 2), which

will cause the group velocity vanish at resonant position. For cases

with resonant singularity of more than one species at the same

position, we should make sure the singularity have been removed

for all species.

It should be noted that the above mathematical formulation is

pertinent to both open and closed field line plasmas, and therefore

the equations are applicable for both. Hence, the above equations

can be used for various magnetized plasma configurations.

2.3. Wave absorption equation using hot kinetic plasma dispersion

relation

Since the drift bi-Maxwellian distribution function may lead to

unstable modes with imaginary part of wave frequency be pos-

itive, i.e., wave absorbs energy from particles, we only use the

Maxwellian distribution hot kinetic dispersion relation for wave

heating in the present version of BORAY. The non-relativistic dis-

persion tensor is standard, cf., [2].

For weak damping approximation with ωi ≪ ωr and ki ≪
kr , for D(ω,k) = Dr(ω,k) + iD i(ω,k) = 0, D i ≪ Dr , we have

Dr(ωr,kr)= 0 and

i
[∂Dr(ωr,kr)

∂ωr

ωi + D i(ωr,kr)

]

≃ 0, (18)

i
[∂Dr(ωr,kr)

∂kr
ki + D i(ωr,kr)

]

≃ 0, (19)

we have

ki = −
D i

∂Dr/∂kr
, ωi = −

D i

∂Dr/∂ωr

, (20)

ki =
∂Dr/∂ωr

∂Dr/∂kr
ωi = −

ωi

∂ω/∂kr
= −

ωi

v g

, (21)

So the wave damping caused wave intensity P (s) along the trajec-

tory can be calculated from either ki or ωi , due to

P (s)= P0 · e−2
∫ s
0 ki ·dr = P0 · e−2

∫ t
0 ωidt .

One can use Eq. (20) to calculate ωi when the weak damping

assumption is valid. In BORAY, we choose to calculate the com-

plex ω=ωr + iωi more accurately along the ray, since that usually

the kinetic ωr may deviate from initial wave frequency ω0 , espe-

cially when we use the cold plasma dispersion relation instead of

the kinetic one to calculate the ray trajectory. The BO code [1–3] is

convenient to calculate the ω for given real k for either kinetic

or fluid plasma dispersion relations. So, we succeed the corre-

sponding modules of BO to calculate the kinetic absorption in the

present ray tracing code. Hence, we named the present code as

BO-RAY (or, BORAY) as a branch of BO family.

To calculate the absorption ratio from different species, for sim-

plicity, we keep only the temperature of that species unchanged

and set the temperatures of other species to be cold.

3. Benchmarks and applications

In this section, to show the accuracy and capability of BORAY,

we compare it with other ray tracing code, particle simulation and

experiments. If not specialized, the tokamak and ST equilibria in

the following examples are obtained from EFIT [12] outputs of

Table 1

BORAY benchmark and application examples, for varies wave frequencies and varies

configurations, with numerical MHD equilibria (default), 3-fluid equilibrium (Fig. 8)

and analytical MHD equilibrium (Fig. 9).

Configuration

(Field Lines)

Bφ

Tokamak

(Closed)

6= 0

ST

(Both)

6= 0

FRC

(Both)

= 0

Mirror

(Open)

= 0

ECW (O&X) Fig. 1 Fig. 8 (3-fluid eq.)

LHW Fig. 2 Fig. 6

Helicon Fig. 3

HHFW Fig. 5

ICW Fig. 4, Fig. 7

Fig. 9 (analy. eq.)

corresponding configurations. All the examples in this section are

summarized in Table 1, which are obtained by BORAY under a uni-

fied theoretical model and numerical code as described in Sec. 2,

i.e., we do not need to choose different models for different ex-

amples. The only differences between different examples are the

input magnetic fields, densities and temperatures profiles, and the

initial wave frequency, position and wave vector.

In the present version of BORAY code, we do the calculations

with three steps. Firstly, we use cold plasma model to solve the

ray trajectory (r, φ, z,kr,nφ,kz) with fixed initial wave frequency

ω0 as described in subsections 2.1 and 2.2. Secondly, along the ray

we use (r, φ, z,kr,nφ,kz) as the input of the cold plasma model

to solve the ω(t) to check whether ω(t) = ω0 , i.e., to make sure

the ray tracing equation is solved accurately. Thirdly, along the ray

we use (r, φ, z,kr,nφ,kz) as the input of the kinetic plasma model

to solve the ω(t) = ωr + iωi , and use ωi to calculate the absorp-

tion/heating as described in subsection 2.3. Here, the kinetic ωr in

the third step may be deviated from initial wave frequency ω0 .

3.1. Tokamak and ST ECW, LHW and ICW

In this subsection, we show the benchmarks between BORAY

and GENRAY for several standard tokamak and ST cases, including

the frequency from high to low, i.e., ECW X-mode and O-mode,

LHW, helicon wave, and ICW.

Fig. 1 shows the comparison of BORAY and GENRAY for EAST

tokamak 100 GHz ECW X-mode and O-mode, with central mag-

netic field B0 = 1.78T , major radius R0 = 1.88 m, safety factor

q0 = 1.5, density ne0 = 5 × 1019 m−3 and temperature Te0 = T i0 =
500 eV.

Fig. 2 shows the comparison of BORAY and GENRAY for EAST

tokamak 2.45 GHz LHW for the same equilibrium magnetic fields

as in Fig. 1, but different densities and temperatures, ne0 = 1 ×
1019 m−3 and Te0 = T i0 = 200 eV.

Fig. 3 shows the comparison of BORAY and GENRAY for HL-

2M tokamak 476 MHz helicon wave, with central magnetic field

B0 = 1.76T , major radius R0 = 1.85 m, safety factor q0 = 0.98,

density ne0 = 6.42 × 1019 m−3 , nD+0 = 5.39 × 1019 m−3 , nC+60 =
0.17× 1019 m−3 and temperature Te0 = 5.60 keV, TD+0 = TC+60 =
4.78 keV.

Fig. 4 shows the comparison of BORAY and GENRAY for EXL-50

spherical tokamak 5 MHz ICW, with central magnetic field B0 =
0.26T , major radius R0 = 0.89 m, safety factor q0 = 10.9, density

ne0 = 5.0 × 1018 m−3 and temperature Te0 = 200 eV and T i0 =
50 eV.

In all these above benchmark cases, both ray trajectories and

power absorptions agree well. Some differences may come from

numerical error or slightly different models implemented in the

two codes. For examples, we only include collisionless damping in

our model, whereas GENRAY includes also collisional damping for

LHW. We carry out analysis to check validity of BORAY results. For

example, in Fig. 3(e), we show the ωr along the ray, which are

solved from the cold and kinetic dispersion relations with the cold

3
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Fig. 1. Comparison of BORAY and GENRAY for EAST tokamak 100 GHz ECW O and X modes. Both ray trajectories and power absorptions agree well. (For interpretation of the

colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 2. Comparison of BORAY and GENRAY for EAST tokamak 2.45 GHz LHW. Ray trajectories agree well. However, GENRAY damping early than BORAY for power absorptions,

which may due to different absorption models used in the two codes.

plasma ray tracing output k along the ray. We see that the cold

plasma ωr is almost identical to the given input wave frequency

ω0 = 2π f , which means that the cold plasma ray tracing equation

is solved accurately in BORAY. The deviation of kinetic ωr to ω0

implies that the cold plasma assumption for the ray tracing may

not be accurate for this case. However, the ωi/ωr ≃ 0.01 means

that the weak damping assumption still holds.

3.2. FRC high harmonic fast wave

Since BORAY does not use flux coordinates, it can support both

closed and open field lines plasmas equally as default. We firstly

show the result for FRC case. Fig. 5 shows C2-U FRC 7 MHz High

Harmonic FW (HHFW) simulation results, which is similar to the

GENRAY-C results in Ref. [13], i.e., the absorption can be 100%

and most power can be deposited inside the closed flux surface

for optimized wave parameters. The equilibrium is generated by

GSEQ-FRC [14] using similar parameters as in Ref. [13], with axis

magnetic field B(0,0) = −0.05T , major radius R0 = 0.35 m, cen-

tral density ne0 = 2.4 × 1019 m−3 and temperature Te0 = 150 eV

and TD+10 = 800 eV.

3.3. Mirror LHW and ICW

Here, we show the capability of BORAY for mirror configura-

tion. Fig. 6 shows mirror 160 MHz LHW simulation results, which

is close to the three dimensional (3D) electromagnetic particle-in-

cell (PIC) simulations results in Ref. [17] as shown in Fig. 6(b)

for both the ray trajectories and turning points. Here, the ini-

tial antenna kz = 16.3 m−1 . Note that the density is given as

4
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Fig. 3. Comparison of BORAY and GENRAY for HL-2M tokamak 476 MHz helicon wave [16]. Ray trajectories and power absorptions roughly agree. The difference may come

from the numerical errors in GENRAY, since less than 200 points is used along the ray in GENRAY output.

Fig. 4. Comparison of BORAY and GENRAY for EXL-50 spherical tokamak 5 MHz ICW. Both ray trajectories and power absorptions agree well. The slight difference may come

from numerical error of time push or grid interpolation.

ns0 = n0e
− r2

2σ2 , which is not set as function of magnetic flux. Here,

n0 = 1 × 1018 m−3 and σ = 0.045 m. Temperature is set as con-

stant for both electrons and H ions, Te0 = TH0 = 460 eV. More

detailed comparisons can be found in Ref. [17].

Fig. 7 shows KMAX mirror 750 kHz ICW simulation results,

which is close to the results in Ref. [22] of ICRF experiment,

i.e., absorption rate >40%. Initial wave parameters (r, φ, z,kr,guess,

nφ,kz) = (0.2,0,0.9,90.2,−1,−8). Note that the summation of

ion and electron damping rates is not equal to the total damp-

ing rate, which is probably due to the violation of weak damping

approximation or that the effects of different species are not inde-

pendent.
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Fig. 5. C2-U FRC 7 MHz HHFW simulation results, which is similar to the results in Ref. [13], i.e., the absorption can be 100% and most power can be deposited inside the

closed flux surface for optimized wave parameters.

3.4. ST ECW under multi-fluid equilibrium

In some STs, such as QUEST [19] and EXL-50 [20], the ener-

getic (high energy) electrons (>10 keV) are important component.

Ref. [18] provides a multi-fluid equilibrium model for EXL-50. Here,

we show the capability of BORAY for this equilibrium configura-

tion. Fig. 8 shows the EXL-50 spherical tokamak 28 GHz ECW O&X-

modes under three-fluid equilibrium with central magnetic field

B0 = 0.36T , major radius R0 = 0.63 m, safety factor q0 ≃ 10, max-

imum densities nH+ = 9.0×1017 m−3 , nel = 8.8×1017 m−3 , neh =
1.76× 1016 m−3 and temperatures TH+ = 38 eV, Tel = 417 eV and

Teh = 313 keV. The low density (∼2%) high energy electrons (eh)

contribute most of the power absorption, whereas the absorption

from H+ ions and low energy thermal electrons (el) are negligi-

ble. We obtain the three fluid equilibrium profiles for both inside

and outside the last closed flux surface (LCFS) from the model in

Ref. [18] for EXL-50 shot#6935 t=4.45 s, with total plasma current

Ip = 120 kA. We also see that the X-mode have better absorption

than O-mode, and the second order 2ωce resonant is also stronger

than that of O-mode. These energetic electron effects are similar

to the recently reported [21] QUEST experimental and theoretical

analysis results. We can also see from Fig. 8 (b) that some amount

(∼5%) of the wave absorption is outside the LCFS before the wave

propagates to the closed field line region.

3.5. Comparison of ST ICW under numerical and analytical equilibria

Since numerical equilibrium may not always be easily available,

we also provide analytical equilibrium in BORAY code. We are in-

terested to quantify how the characteristics of wave propagation

and value of absorption differ between cases of numerically recon-

structed and analytical equilibria. Fig. 9 shows the comparison of

EXL-50 spherical tokamak 4.5 MHz ICW for numerical and ana-

lytical MHD equilibria, with three species, i.e., electrons, H+ ions

and 5% He2+ minority ions. The numerical equilibrium parameters

are B0 = 0.32T , major radius R0 = 0.64 m, safety factor q0 = 1.6,

density ne0 = 5.5 × 1018 m−3 and temperature Te0 = 200 eV and

T i0 = 50 eV. The construction of analytical equilibrium is described

in Appendix B, with other model parameters Rx = 0.17 m, E = 1.5,

τ = 0.8, Lns = 0.9 and Lts = 0.8 for the present case. Both ray tra-

jectories and power absorptions are similar for the numerical and

analytical equilibria. For both cases, the CPU runtime of ray tracing

are in seconds for 10000 time step points. The numerical equi-

librium case (3s) is slightly faster than the analytical equilibrium

case (7s). For this case, most power is absorbed by electrons and

fundamental �cH+ resonant, with also slight 2�cHe2+ resonant as

can be seen from the damping rate sub-figures (e)&(f). Hence, if

numerical equilibrium is not available, one can use the analytical

equilibrium model in the code to do the calculations, since they

can yield similar results.

4. Summary and discussion

A new plasma wave ray tracing code BORAY (https://github.

com/hsxie/boray) has been developed for axisymmetric configu-

rations to support both closed and open field lines plasma con-

figurations. The code shows good agreement with GENRAY code

for tokamak and ST cases of ECW, LHW, helicon wave and ICW,

and also agrees well with 3D PIC simulation of LHW in mirror

machine, and agrees with GENRAY-C for HHFW in FRC, and ICW

for KMAX mirror experiment. Thus, it can be expected that BO-

RAY can have wide application for the plasma wave propagation

and heating studies and especially to help the design of the wave

6
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Fig. 6. Mirror 160 MHz LHW simulation results, which is close to the results in Ref. [17] of 3D PIC simulations results of the electric field, i.e., the ray trajectories from BORAY

are just along where the electric field are strong in PIC results (b). The power absorptions (d) are also similar, i.e., the wave is almost decayed away before reaching the

second turning point.

Fig. 7. KMAX mirror 750 kHz ICW simulation results, which is close to the results in Ref. [22] of ICRF experiment, i.e., absorption rate >40%.
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Fig. 8. EXL-50 spherical tokamak 28 GHz ECW O&X-modes, with three-fluid equilibrium. The high energy electrons (eh) contribute most of the power absorption, whereas

the absorption from ions and low energy electrons (el) are negligible.

Fig. 9. Comparison EXL-50 spherical tokamak 4.5 MHz ICW for numerical and analytical MHD equilibria, with three species, i.e., electrons, H+ ions and 5% He2+ minority

ions. Both ray trajectories and power absorptions are similar.
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heating system to choose the wave parameters. The code works

for both numerical and analytical equilibria. However, we should

also remind that although the ray tracing can give numerical re-

sults for low frequency waves, the user should always note that

the results may not be valid when the wave length is not shorter

than the scale length of medium, for which cases, full wave [23]

studies are usually required. A valid example of ray tracing results

by comparing with full wave simulation of HHFW can be found

at Ref. [24]. Future works can include relativistic and collisional

effects and calculating the current driven. Adding nonuniform at

φ direction could be useful as well, such as to support ripple ef-

fects in tokamaks, and effects of drift wave turbulence. Considering

that the present scheme is applicable to only the waves close to

the cold plasma dispersion relation, modifying the cold plasma ray

tracing model to kinetic dispersion relation to support electron and

ion Bernstein waves could also be an important future topic, which

we demonstrate at Ref. [25]. An improved model is also required

to calculate the absorption ratio from different species more accu-

rately.
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Appendix A. More details of BORAY

Bi-linear interpolation is used for uniform (r, z) grids, which

can be fast, and even can be faster than analytical equilibrium if

we calculated the interpolation coefficients beforehand. In many

tests, we find it is accurate enough. For wave absorption, we do

not need calculate every point along the ray. Instead, we calculated

the ray trajectory firstly with high accuracy, say ≥ 10000 time step

Table A.2

Fluid and kinetic plasma waves and instabilities code BO family [1–3].

Type Names References

BO family

(open source)

dispersion relation PDRF, PDRK, Xie14,

(k →ω) BO, BO2.0 16,19,21

ray tracing BORAY Xie22

(ω→ k) (this work)

points, and then select several points, say 200-1000 points, to cal-

culate the damping rates, and then integral them to obtain the

power absorption. SI units are used for all variables, except that

the temperature unit is eV.

The user should generate the initial 2D (r, z) magnetic fields,

densities and temperatures profile firstly and also give their deriva-

tives to r and z. Also, the user should give the initial wave param-

eters, i.e., wave frequency f = ω/2π and (r, φ, z,kr,guess,nφ,kz).

To make D(ω,k) = 0, BORAY calculate kr from given nφ and kz .

Multi-kr may exist, the user can adjust kr,guess to solve the corre-

sponding kr who wants. For examples, we use different kr,guess to

obtain X and O modes.

To analysis the wave feature in multi-species plasmas and to

find the reasonable initial wave vector, the fluid and kinetic version

of BO code can be useful, which can give all the wave frequency ω
solutions for given wave vector k at one time without the require-

ment of initial guess frequency and thus will not miss solutions.

We show a typical ω vs. k figure in Fig. A.10 for ICRF minority

heating parameter relevant to the case in Fig. 9. For this case, we

can see that three branches exist in the ion cyclotron frequency

range, and the kinetic correction to the cold plasma real frequency

is small. Table A.2 summaries the role of each codes in BO family.

Appendix B. Analytical Solovév equilibrium for varies

configurations

Analytical equilibrium can be useful for fast study the wave fea-

ture and can avoid the numerical interpolation error of numerical

equilibrium from discrete grids. We construct an analytical Solovév

equilibrium to include tokamak, spherical tokamak, FRC and mir-

ror configuration in a same model, and which is also the solution

of Grad-Shafranov MHD equilibrium equation.

The normalized equilibrium poloidal flux is [26]

ψ(r, z)= −r Aφ =
ψ0

R4
0

{

(r2 − R2
0)

2 +
z2

E2
(r2 − R2

x)

Fig. A.10. Waves in ICW range for the EXL-50 He2+ minority ions heating case. Solutions are calculated by the fluid and kinetic versions of BO [1].
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− τ R2
0

[

r2ln(
r2

R2
0

)− (r2 − R2
0)−

(r2 − R2
0)

2

2R2
0

]}

, (B.1)

where R0 is major radius and the magnetic axis position ψ(R0,0)

= 0. Rx , E and τ control the position of X-point, elongation and

triangularity. The magnetic field are

Br = −
1

r

∂ψ

∂z
= −

2ψ0

rR4
0

[ z

E2
(r2 − R2

x)

]

, (B.2)

Bz =
1

r

∂ψ

∂r
=

2ψ0

R4
0

{

2(r2 − R2
0)+

z2

E2

−τ R2
0

[

ln(
r2

R2
0

)−
(r2 − R2

0)

R2
0

]}

. (B.3)

At X-point, B z(Rx, Zx)= 0, which gives

Zx = E

√

τ R2
0ln(

R2
x

R2
0

)+ (2+ τ )(R2
0 − R2

x). (B.4)

Toroidal magnetic field

Bφ =
B0R0

r
. (B.5)

Around magnetic axis (z → 0, r → R0), we can have

ψ = 4ψ0ǫ
2, ǫ ≡

r − R0

R0
≪ 1, κ ≡

2E
√

1− R2
x/R

2
0

. (B.6)

Thus poloidal magnetic field and safety factor around O-point is

B p = 8
ψ0

R2
0

ǫ, q0 =
rB0

R0B p

=
B0R

2
0

8ψ0
, (B.7)

which gives

ψ0 =
B0R

2
0

8q0
. (B.8)

The above model is very convenient to construct tokamak and

spherical tokamak configurations.

To construct FRC configuration, we set τ = 0, Rx = 0 and Bφ =
0, which yields Hill-vortex equilibrium. And we set the magnetic

B z(0,0) = B0 , which gives ψ0 = B0R
2
0

4
. The FRC model also holds

for mirror configuration, we only need set further R2
0 < 0. That is,

the Eq. (B.1) can combine all the above several configurations in

one model.

We construct the density and temperature profiles as

ns0(r, z)= ns00e
− ψ

ψxL
2
ns , (B.9)

T s0(r, z)= T s00e
− ψ

ψxL
2
ts , (B.10)

where ns00 and T s00 are density and temperature of species s at

O-point, and Lns and Lts are normalized scaling length of their ra-

dial profiles, with ψx ≡ψ(Rx, Zx). Thus, the derivatives are readily

obtained, say

∂ns0

∂r
= −

1

ψxL
2
ns

ns0(r, z)
∂ψ

∂r
= −

rBz

ψxL
2
ns

ns0, (B.11)

∂ns0

∂z
= −

1

ψxL
2
ns

ns0(r, z)
∂ψ

∂z
=

rBr

ψxL
2
ns

ns0. (B.12)

The derivatives of magnetic field components are also readily ob-

tained, and not shown here. One should also note that in ray

tracing study, the equilibrium merely provides the magnetic con-

figuration, and the density and temperature profiles are usually not

be set self-consistently.
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